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ABSTRACT

This work is mainly directed to the use of numerical simula
tion of the flow in estuaries as a tool for engineering studies,
Some general considerations are made about the definition and clag
gification of estuaries followed by a short description of the esg
tuarine hydrodynamica, The several solution techniques for hydre
dynamic problems of estuaries are described and compared,

A mathematical model of the flow in homogeneous estunaries is
formally derived and its equations are vertically integrated lea-
ding to the well known shallow water equations, The discretiza—
tion of these equations is made using the finite element! method
in the space domain and .the finite difference method in the {time
domain,

A computational system for solving the discretized mathemati
cal medel is described and several remarks are made about its deve
lopment and use.

Finally the results of some tests used in the verification
of the computational system are presented,
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SUMARIO

Este trabalho é dirigido primcipalmente para o uso da simula
¢ao numérica des escoamentos em estudrios como uma ferramenta pa-
ra estudos de engenharia, Fazem-se algumas consideracoes gerais
sobre a definigac e classificagdo de estudrios seguidas por uma
descric¢ao sumdria da hidrodinfmica dos estudrios., Descrevem-se
e comparam-se as vdrias tdcnicas utilizadas na solugldo de proble=
mas de hidrodinZmica de estudrios,

Faz-se a dedugao formal de um modelo matemdtico do escoamen
to em estudrios hoemogéneos e integram-se vertlicalmente as suas e~
quagﬁes, cbtendo~ge as counhecidas equag&es do escoamento em dguas
pouco profundas ("shallew water equations"), Bstas equacdoes sao
discretizadas utilizando os métedos dos elementos finitos e das
diferengas finitas, respectivamente no espaco e no tempo,

Faz-3e a descrigaoc de um sistema de cdlculo para determinar
a golugdo do modelo matemfitico discretizado e tecem-se vdrias con
sideracles acerva do seu desenvolvimento e uso,

Finalmente apresentam-—-se 08 resultados de alguns testes utl
lizados para verificar e funcionamento do sistema de cdlculo,
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CHAPTER 1

GENERAL REMARKS

1,1 - INTHODUCTION

This work was prepared as part of the situdy project "Mathe
matical Modelling in Dynamic Problems for Estuaries and Lagoons",
Its purpose is the development of a computational system for the
simulation of the flow in a homogeneous estuary, The following
(somewhat arbitrary) concepts are used throughout the work about
what is a mathematical model and a computational system:

- a mathematical model is a set of egquations which, in this

work, represents some conceptualization of estuarine hy
drodynamics, That set may be composed of differential e
quations together with initial and boundary conditions

or of some discretized form of them, The mathematical
model of a given estuary is intended as the mathematical
model above defined, plus the data which individualize
the problem, that is, which define the geometry of the do
main and the boundary types, and prescgéggﬁggg_gg&ggimﬁgw
some physical parameters. R

- a computational system is the set of algorithms and compu ’

ter programs used for the numerical simulation of the
phenomena represented by the mathematical model, by the
solution of its discretized form. The systiem includes
the data and result processing programs,

Many 1deas stated in thls wWork represent the author's resul

f—

tant of what iS written in the abundant bibliography which exists;

about the subject of the work, In some cases 1t is difficult to
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make specific bibliographic references about those ideas, Thus
the author has choosen to make a bibliographic list which contains
the consulted works even if they.are not referred . in the text,

In this introductory chapter and after these previous re
marks, justification is made of the purpose and limits of the
study, followed by a short description of its structure. A pre
view of practical applications of the work ends the chapter,

1.2 - PURPOSE AND LIMITS OF THE WORK

The main purpose of this work is to provide LNEC with a com
putational system WhiCh#EEEEEEENEEEM§EEgiéﬁiﬂﬁ_ﬂngEEHQEXMEXQIQQX-
naEIE§“E§“§€£§§Mf§§§;\¥han physical 1 modelling, This is emsily
justified by the inc;;581ng inxportance of estuaries in what con
cerns their utilisation and by the enormous development of such
computational systems during the last twenty years which made
them a privileged tool for the study of a great number of estuary
problems;mw'“ B

For such a computational system it is always possible to in
crease its capacity by the implementation of new facilities wh1aﬁh“
peQEEEEf?ETEEHRETEEfe complex or different mathematical models,
That is the case of estuaries where from an initial system to sol
ve, e.g,, the linear shallow watler equations in & gimple domain,
it is possible to go for a more complex system for simulating the
flow in tidal flats or the transport of a pollutant,

The limitations of the computational system here presented
are related to the nature of this work and its capacity may easi
1y be increased in the above semse, The defining criteria for
the present configuration was that the system must be useful for
the solution of some actual hydrodynamic.problems of estuaries
and that it may be easily changed for solving more complete and
complex models, Thus 3_EE3:9iEEEEi32E1%EEEEEWEXESEEEEm?EEEESiEi {

-

cal model was developed for homogenggggwgggggziggd which can take @Qym

Lor HOEY

into acc6”"f“ﬁ€f$ﬁﬁf§?fﬁtzon, wind action, Coriolis force and dﬁqﬂ

atmospheric pressure gradients. The system permits the solution 4
..... .

in 1rregu1ar domains with QEEEE_EEEEQEEEEE and so it does not si
mulate the flow 1n t1da1 flats. e

LNEC - Proc, 64/13/5314 2



1.3 - OUTLINE OF THE WORK

The structure of this work is based on the concepts of ma
thematical model and computational system presented at the begin
ning of this chapter. Chapters 2 and 3 are concerned with the
description of estuaries and their hydredynamics from the physi
cal and mathematical standpoints, that is, a mathematical model
of estuary hydrodynamics is derived, based on a physical concep
tualisation, The development of the computational system and its
verification are considered in chapters 4 and 5., In each chapter,
complementary subjects are presented, whigh are interesting for
the development of the main theme.

1.4 - A PREVIEW ON THE APPLICATION OF THE WORK

The usefulness of a computational system for estuaries has
several different aspects. One is that it makes it possible to
understand the mechanlsms of some complex phenomena that occur in

estué iés. That is the case of phenomena whose mathematical as
pects are.known but for which observation in nature or in physi.
cal modelling is neither feasible nor economie, It is often pog
sible to build a schematic model whose solution simulates, at
least gqualitatively, the phenomena, Is is also possible to stu
dy the influence of each of the factors affecting the phenomena
by separating their action., Such a system is mainly a gipulation

system,
On the other hand a computational system may be intended to

gimulate the actual flow in an estuary and to study the changes
that will occur in that flow as a consequence of changes introdu
ced in the actions over the estuary, Thi® ome will be a predic-
tion system,

The importance of such a prediction system is evident in
what concerns the chg}ce of project solutions for estuary works.
These works are generally very expensive and not reversible, and
so it is necessary to base the choice of the solution on the re
sults of a prediction system (computational or physical),

Another important aspect of the utilisation of computational
system is the simulation of the flow in large regions to learn

the boundary condltlons that will be used in the phy81cal model

ling of a sub-reg1on " Thus the use of the computatlonal system

S
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can save a lot of work and space necessary for the physical model
ling of sstuaries and, en the other hand, may render possible the
use of big scale models in the limited areas available,

The computational system here presented intends to be a pre
diction system, Thus it will be mainly used as §m¥§ZI\¥§§“Z£§I:""
neering studies which depend on the estuary hydrodynamics, by it
self or together with physical medels, Such usefulness is obvi
¢usly limited by its capacity to repreduce only partially the com
plex flows that occur in estuaries, That eapacity will be increa
sed by the future implementation of more complete models and of
new facilities allowing for more complex flows simulation,

LNEC - Proec., 64/13/5314 4



CHAPTER 2

ESTUARIES: GENERAL CONSIDERATIONS; HYDRODYNAMICS AND ITS STUDY

2,1 - GENERAL CONSIDERATIONS

2.1.1 - Definition of Estuary

Estuaries are complicated natural systems where several phe
nomena coexist and are related in a very couplex way, The study
of those phenomena belongs to different fields of science such as
hydraulics, geomorphology, biclogy and chemistry, and therefore
it is difficult to settle on a complete definition which agrees
with the several standpoints from which they can be seesn,

Definitions appearing in the literature reflect the particu
lar aspects of estuarine global process which are studied by their
respective authors(l}. That is the case of the following defini
tion given by Pritchard ({1967 ).

"An est£;;;m25f2~§;;§:g;;10sed body of water which has a free
connection with the open sea and within which sea water 4§ measura
bly diluted with fresh water derived from land ‘drainage." -

From the hydraulics standpoint, this definition considers
important features of estuaries such as:

- the influence on the flow patterns of lateral beundaries,
("semi-enelosed body of water");

- the continuous change of water and energy with the sea,
("free connection with the open sea');

- the influence of densitygradients on flow patterns,
("sea water is measurably diluted with fresh water"),

(1) For an analysis of the definitions given by several authors,
see Caspers (1967),

g e s T i g
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From Pritchard's definition it follows that the upper limit
of salt intrusion is considered as the limit of the estuary. The
stretch of fresh river above this 1limit whiech is subject to tidal
action is called by Pritchard the tidal section of the river,

Salinity aspects are not considered in the mathematical mo-
del developed in this work and s0 a definition of estuary where
the limits of the study domain are settled by considerations of
tidal influence on the hydrodynamics of the body of water secems
more convenient, Thus the following definition of estuary wiil
be adopted throughout this work:

o "An estuary is a semi-enclosed body of water which has one |
% or more free connections with the open sea, within which the flow
éis periodically infTluenced by ocean tide and where sea water e

éxists jointly with fresh water derived from land drainage",
o This definition has a lack of precision deriving from the
variation of the upstream tidal propagation limit as a function
of fresh water discharge and tidal amplitude., However this is not
an important restriction, since in the study of an estuary the ma
ximum upper 1limit, (corresponding to maximum tidal amplitude ;;E_\

— T T
mimimum fresh water discharge),_Eggiﬂggmggg§;ggrggj

2.1,2 « Classification of estuaries

As stated for the definition of estuary, the classification
of estuaries may be established from different standpoints. From
the hydrauiics standpoint.tce iwo main factors that infiuence the
flow structure in an estuary.are.its.geometry.and.the.salinity
gistribution within.it.. The geomeiry of the estuary is closely
related to.geomorphological aspects and the salinity distribution
is related to geometry, tidal amplitude.in.the open sea and fresh

water dischaxrge regime,
The classifications of estuaries presented in the following

sections are based on the above mentioned aspects, that is, on the

geomorphology of the estuary and on the salipity distribution with

in it,

(1) For a more detailed presentation of the classifications, see
PRITCHARD (1967 ) and DYER (1973),.

LNEC - Proc, 64/13/5314 6



2,1.2.1 - Geomorphological classification of estuaries

From the geomorphological standpoint, there are four possi
ble classes of estuaries:
a) Drowned river valleys - These estuaries appear in zones

where the coastal plain is relatively wide and are known
also as coastal plain estuaries,

In these estuaries, the sea salt propagation limit can
stay considerably seaward of the tidal propagation limit
which position is approximately where the bottom rises a
bove sea high tide level. These limits are strongly deé-
pendent on the tidal amplitude and freshwater discharge.
Coastal plain estuaries deepen and widen towards their
mouth and the depth-width ratio is usually smail.

b) Fjords - The fjords are U-shaped cross section estuaries
that were originally glaciers! beds, Typically they have
a shallow sill formed by terminal glacial deposits at
the mouth inside which there is a very deep basin. The
exchange of water between the sea and the fjord depends
on the relative depth of the sill and the inside basin,
This exchange can be very small if the sill's depth is
very shallow and as a consequence the flow has a very
marked layer structure with the deeper layers remaining
stagnant for certain conditions of freshwater discharge,

c) Bar-built estuaries - These estuaries rise from the for
mation of sand spits and sand islands in a c¢hain extending

between headlandé. This chain is broken by one or more
inlets, and more than one river can input freshwater into
the body of water which exists between the coastal line
and the offshore chain, These estuaries are in general
very shallow and the deposition of sediments within them
gives rise to the formation of intercomnected structure
of lagoons and channels, At the inleis fliow velocities
can be high as a consequence of their restricted cross-
sectional area but they diminish rapidly inside the eg-
tuary.

d) The regt - In this class one can include all bodies of
water which fit the definition of estuary but are not in
cluded in the classes above defined, It includes estna-
ries formed in cosstal reentirances originated by tecto-
nle proceeses,

LNEC - Proc, 64/13/5314 ‘ 7



2,1.2.2 - Salinity structure classification of estuaries

Accordingly to its definition, .in an estuary sea salt water
exists jointly with fresh water derived from land drainage. The
degree and way of mixing of these two qualities of water can vary
widely and this classification 18 a consequence of these impor-
tant factors imn the estuarine flow,

a) Highly stratified estuaries - 1In these estuaries the up
per layers contain fresh water and the lower layvers cone
tasin Sea salt water forming a wedge, In the interface
between salt and fresh water there igs a l1ittle entrain-
ment of salt water to the upper layers and thus some mi
xing, The degree of entralnment is small and depends on
the velocity differences between the two layers. The po
gitton of the salt wedge depends on the tidal amplitude
and fresh water discharge and changes along the tidal ey
¢le, The ratio of river flow to tidal flow is large in
these estuaries and in general the cross section width
is small compared to its depth,

b) Partially mixed estuaries - This type of estuaries has
the characteristics of a two layer system although there
is a sirong mixing between salt and fresh waiter, Salini
ty decreases continuously from bottom to surface with a
zone of high gradient at about mid depth., From the head
of the estuary seaward there is a continucus increasing
0f the salinity in both layera., In these estuaries the
ratio of river flow to tidal flow is small,

c) Vertically homogeneous estuaries — If the tidal flow is
much larger than the river flow and the cross section of
the estuary is small, the turbulence gsnerated by the
bottom roughness may be large enough to mix completely
salt and fresh water, In this case there are no verti-
cal salinity gradients, However there is an increasing
of the salinity from the head to the mouth of the estuary,

LNEC - Prec., 64/13/5314 8



2,2 - HYDRODYNAMICS OF ESTUARIES
2.2.1 =« Intreduction

The flow in an estuary is the resultant of several diffe
rent hydrodynamic ‘phenomena which have different origins, diffe
rent time and spatial spalesil)and different degrees of comple
X1ty That flow is thus a complex phenomenon and several theg

retical ways must be followed to study its componenis.

As an exampls, the water level variations due to wind ge
nerated waves in the estuary have a time scale of less than 15
geconds and a spatial scale of less than 200 meters, Unless
some very restrictive assumptions are made, those level varia=-
tions must be studied in a stochastic way. On the other hand
the water level variations due to the tide in the near sea have
a time scale of about 12,5 hours and a spatial scale which can
attain the whole length of the estuary, If no other external
factors affect the flow, those level variations can he predicted

in a deterministic way with great accuracy, in spite of same sim
plifying assumtions,

Besides the comsiderations of time and spatial scaling of
the component flows, their relative magnitude must also be taken
into account, It depends on many factors and may determine very
different flow patterns in estinaries with similar geemetry,

These very general remarks about the flow in estuaries lead-
to the conclusion that for studying the hydrodynawmics of an estu
ary:

- one must choose whiech flow componsnts are to be studied;

- one must choose the correct time and spatial scales and

arrange mechanisms to simulate the influence of different
scale phenomena on that flow;

-~ one must know the relative magnitude of the several flow

componentis,

In general, from the consideration of the two last items,

important aimplirieaﬁions may result in the creation of a concep
tual model for the flow to be studied,

(1) By time and spatial scales one means roughly the minimum time @
interval and minimum space in which a phencmenon can be descri
bed with all its characteristiecs, ¢
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One of the aims of this work is to simulate the time varia
tion of the flow along the tidal cycle for the whole estuary .
For that purpose 1t is cornvenient to comnsider that the total
flow is the resultant of a tidal flow and a npon tidal fiow,

2.2.2 - Tidal flow

The tidal flow in an estuary has two different drivimg for
ces:

a) the sea level variation due to the tide in the near open
sea, This variationinduces a wave through the mouth of
the estuary which propagates along it;

b) the tide of the estuary itself, that is, the water level
variations due to the attraction of the mass e¢f water hy
the moon and the sun,

The mass of water inside the sstuary is very small as compa
red to the mass of the sea and so ig' the estuary tide as compared
to the ocean tide, Thus the esztuary tide may be neglscted and
the tidal flow in an sstuary may be cconsidered as soclely induced
by the level variations at its mouth,

The tidal flow has the characteristics of a wave whose pro
pagation mode depends fundamentally on the gecmetry of the eatua
ry and 6n the energy dissipation if non tidal flow is discxetized
Theoretically that wave can vary from a standing wave to a pure
progressive wave,

If energy dissipation is unimportant the superposition of
the entering wave with the one reilected at the head of the es-
tuary gives rise to a standing wave, If no nodal 1l1lines exist,
all the points in the estuary have some phase and at each point
there is a phase lag of a quarter of the tidal period between the
current velocity and the gyrface elevation.

On the other hand, if all the energy of the sntering wave
is dissipated before a reflected wave is formed, then the tidal
wave is a pure progressive wave, In this case the surface eleva
tion and the current velocity have the same phase at each point
and there is a centinuous phase lag from the mouth to the head of
the estuary,

In actual estuaries there iz always some energy édissipation
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and reflection.along its lengib and so the tida¥ wave has intere
mediate characteristice between a standing wave and a progressi-
ve one, At each point, high water occurs some time before the
turn of the c¢current,

In general, the free surface level in the estuary's near
sea varies with time in an almost sinusoidal way, with a pe-
riod ef about 12,5 hours for a semi diurnal tide, Along the es-
tuary the amplitude of the tidal wave changes inecreasingly or de
cregasingly a8 a function of the energy dissipation and of the
croes section area variatien, It loeses 1its symmetric sinusoidal
shape because the propagation speed is greater for its crest than
for its trough, Consequently the flood¥s duratien decreases from
the mouth to the head g¢ the estuary and inversely the e¢bb's du-
ration lncreases, In estuaries with special geometric and ener-
gy dissipation characteristics the assyme{ry of the tidal wave
can become very marked if the tides have large amplitudes, The
waves can even break with the consequent formation of a tidal bg
re which can prepagate for leng distances,

2,2,3 -« Nen tidal flow

Several phenomena may contribute to the estuarine flow in-
treducing its non tidal components, The influence of these com-
ponents on the resultant flow depends on their time and spatial
gcales and magnitudes relative to the tidal filow, The main dri-
ving forces of the pnon tidal flow are:

a) Non tidal water level variatiorms at the mouth of the eg

tuary.

These varlations can be origipated in several waye:

- by abnormal atmospheric conditions in the open sea,
The formation of low atmospheric pressure zones in the
open sea originates an elevation of the water relative
to the normal tidal levels (storm surge). The importan
ce of storm surges depends obviously on their magnitude
and since they have time scales of the same order of the
tide, there is a grsat probablility of their occcurrence
during the high tide period with the censequent overflew
of the estuarine banks,
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- by movements of the ocean bottom produced by seismie
activities, These movements originate waves (tsumamis) who
se propagation affects the water levels in the estuaries
near sea and so the wave which 18 induced through their
mouths, The magnitude of tsunamis can be very important
relative to the tidal amplitude and although their iims
scale 1is smaller than the tidal scale, they can be a de
terminant component of estuaries circulation.
-~ by the propagation of wind generated waves through the
mouth of the estuary, These waves do have time and spa-
tial scales much smaller than the tides and so they do
not significantly affect the mean flow,

b) The wind
The interaction between the water and the moving air at
the free surface results in a vertical transfer of momen
tum from the air particules to the water particules, so
introducing a new component in the estuary flow., The -
consequence 1lga water flow with the wind direction in
thie upper layers of the estuary, This water mass flow
causss an elevation of the water level at the lee zones
of the estuary thus modifying the slope of the free sux
face, This slope is the driving force for the flow in
the lower layers, which has a direction opposite to that
of the upper layers. This last flow balances .the upper
layers flow and the water accumunlation in the lee zone,
One important aspect of the lower layers flow is that it
may increase or decrease the tidal velocities near the
bottom s0 increasing or decreasing the energy losses due
to the bottom frietion,
The magnitude and the time and spatial scales of the
wind generated flow are closely reiated to the characte
ristics of the wind ¥ield, The instantaneous structure
0f the wind field and its time variaticn are in general
very complicated in an estnary area. However, conside-
ring that one wants to study the influence of its deri-
ved flow component on the tidal flow, only mean time
and space variations taken over relatively large inter -
vals and areas are to be considered,
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¢) Atmespherie pressure gradients
The existence of atmespheric pressure gradients in the
area of ihe estuary changes the free surface prefiles a
and its variation in time dntroduces a new component in

the estuary's flow, This component is in general not im
portant in estuaries since the mass of water is very
small compared to the sea where storm surges are férmed
by a similar atmospherie¢ phenomencn,

d) Fresh water discharge from land drainage
The toetal volumes of water which pass through the mouth
of an estuary during the ebb and the flood, for one tix
dal eycle are not the same, This may have two causes,
One is the inequality of successive tides, The'egther is
the freshwater discharge into the estuary which is rese
ponsible for the fact that the mean flow discharge over
the tidal cycle at any cross section is not zere and has
& seaward resultant., This can be easily justified by
simple considerations of msss balance,
This component of the non {idal flow 1s called the resi

e

dual flow, Its magnitude depends on the relative volu-

mes of sea water and fresh water entering into the es-
tuary during the tidal cyecle,
In general the variations ef the fresh water discharge
for which the global flow parameters are sensitive do
have a time scale greater than the tidal scale,

e¢) Density gradients
The existence of density gradients may be originated by
the existence of sea water jointly with fresh water, by
temperature gradients and by the existence of dissolved
or suspended substances in the water.
Density gradients can affeoct significantly the struecture
of the flow because, in additiom to local flow pbénomena,
they are a determinant factor of the slopes of the iso
baric surfaces and so of the velocity distribution within

the flow,
f) Disposal of effluents

The disposal of effluents from industrial or power plants
or from sewage has two distinct effects on the estuarine

13
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flow, One is related te the introduction of momentum in
the flow at the disposal location, As the discharge vo
lumes are in general much smaller than those of the es-
tuary, that transfer of momentum is significant only in
a small area where the flow pattern is affected. The o
ther effect depends on the effluent nature., In general
it has not the same density as the estuarine water and
may spread over a large area changing to a greater or
less degree the density structure of the water, and so
the structure of the flow,

g) Earth rotation

The movement of the water mass in the estuary is affected
by the fact that the Earth is a rotating system, If no
external action exist, the water particles tend to follow
a straight pattern through their inertia. In the Earth's
retating frame, that pattern is a curve which corresponds
to the deviation of the moving particules to their right
hand side in the Northern hemisphere and in the opposite
direction in the Southern hemisphere, The magnitude of
this effect (Coriolis effect) is Proportional to the ve
locity of the particle and to the latitude, so it is ze
ro at the Equator and reaches its maximum at the Peles,
The Coriolis effect may be important feor large width es
tuaries located at high latitudes affecting the flow pa
rameters distribution along their cross sectiens,

For narrow estuaries or for estuaries located at lew la
titude zones this effect may be neglectesd.

2.3 «~ REMARKS ABOUT THE SOLUTLON OF HYDRODINAMIC PROBLEMS OF
ESTUARIES

2,3,1 - The role of simulation in handliing estuary utilisation
problems

Estuaries have always been used by man for multiple purpo-
ses, Their geographic situation in direct communication with the
open sea, together with their natural shelter conditions, make eg
tuaries priveledged places for harbour activities, In many cases
they are also the terminal of navigable inland waterways. As a
consequence estuaries became preferencial zones for industrial,
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commercial and urban development in parallel with harbour activi
ties,

All those activities depend on the global regime of the es
tuary wich may be defined by several parameters such as flow velo
cities, water levels, salinity, temperature, sediment transport,
water quélity parameiers, etc, That regime is8 determined by the
geometry of the estuary and by external factors such as tidal am
plitude in the connecting sea, fresh water apnd sediment dischar-
ges into the estuary, atmopheric pressure, wind, industrial and
urban sewage, termal discharges from cooling circuits, ete. Sonme
of these factors may be changed by man, consequently changing di
rectly or indirectly the defining parameters of the estuarine re
gime,

From the hydrodynamics standpoint the parameters which defi
ne the estuarine regime are flow velocities and water levels which
are 10 a greater or lesser extent related to the remaining para
meters and to the above mentioned external factors,

Man's activities do need in many cases the alteration of
the estuary geometiry, which will affect its hydtodynamic regime,
Such are the cases of, e,g,, the censtruction of harbour facili-
ties and the deepening of navigation channels, The conseguent
changes in the hydrodynamics of the estuary may merely be lecal
or may be extended to a greater or smallexr area of the estuary
and they may affect other parameters and so other activities, Thus,
when planning some work in an estuary which will change its geome-
try, the engineer faces the problem of, in addition to the defini
tion of the work!s layeut,determining how the hydrodynamies will
be affected, Furthermore it 1g necessary to study the consequen~
ceg for the other existing activities as far as any alteration of
the hydrodynamics parameters will probablyg change ether parameters.

Another factor that may produce important alterations in the
global regime of the estuary without modifying its geometry is the
change of fresh water and sediment discharges coming from upstream,
For example, the coggtruction of a dam in a river may steop the
flow of sediments, change the chemiecal camposition of the estua-
rine water, ‘a1ter the residual flow, ete,. Obviously, this
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may strongly affect all the activities of the estuary,

The implementation or alteration of other external factors
such as sewage and cooling circuits discharges, may alter only le
cally the hydrodypnamic field, However it may strongly affeet o=~
ther parameters, such as temperature and chemical compositien of
water in a large zone of the estuary, The effect of these alte-
rations on the global behaviour of the estuary must be evaluated
in spite of inherent difficulties,

The estuary is a complex natural system, To achieve a pro
fitable multipurpose current utilisation which dces not compromi
se its future and its related activities, man faces problems which
are complex and difficult to solve globally. In spite of the bhig
aeffort already developed, there is still a long way to run until
the complete understanding of estuaries behaviour and so te the
global solution of their problems, However, there are tools which
may solve some of these problems by partially simulating that “beha
viour, Such are the cases of hydraunlic models and computational
systems,

Any problem to be sclved in an estuary needs the knowledge
ef it hydrodynamics since this one is determinant of the gio-
bal regime, Thua the simulation of hydrodynamic¢s by physical mo
delling or by numerical technigques ylelds the basic data for any
gtudy. Other aspecte of estuary behaviour may be simulated by
the same techniques, but that simulation needs the results of hy
drodynamic simulation or must be performed simultansously.

During recent years a big development of solution technigues
for estuary problems has been achieved, Such development is
strongly related with the continuous growing of the digital com-
putation capacity, which makes possible a better utilisation of
existing simulation technigues (numerical and physical), increa-
ges the number of problems which can be solved (by numerical simula
tion), and greatly enlarges the number of perscns which can deve
lop and use golution {echnigques for those problems.

A description of some aspects of the use of solution techni
ques for estuarine hydrodynamic problems is made in 2,3.2,
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2,3,2 - Solution techniques for hydrodynamic problems of estuaries

The problems that one needs to solve in estuaries invelve,
as a general rule, the knowledge of their hydrodynamics regime
gnd the prediction of the changes in that regime as a consequence,
of modifications introduced in the geometry of the estuary and /
g} in the external cenditions that influence jits flow patiern,

A purely empirical approach to those problems, is to cdl-
lect and analyse all the available data such as water levels and
flow velocities and to predict by intuition what might happen to

the flow in the future under given conditions, This approach 1is,

of course, based on experience and, although this one is very im
portant, in most cases it is insufficient as a consequence of the
estuarine flow complexity, Thus for the solution of an estuary
problem which has a minimum of risk, that empirical appreach is
not to be trusted and other techniques must be used,

Such techniques make use of some sort of simulation of the
flow, which can be made by physical or mathematical metheds. Phy
sical simulation can be based on the hydraulics similitude laws
(hydraulic models) oron some analogy between flow variables and
other physical variables representative of a different type of
phencmenon, in general electric (analog models)(%) The terminoclo
gy "physical model" i3 generally used for hydraulic models since
these are more widely used than apalog models,

The mathematical simulation is based on the solution of sQ
me mathematical model of the flow, that is, some setl of equations
in which the dependent variables are the flow variables, The ge
neral partial differential equations of the flow are complicated
and so is the domain where theymust be solved, Thus some simpll
fications are made giving rise to different mathematical models
of the flow, In general these models must be sclved by numerical
techniques with the use of digital computers (numeriecal models),

(1) An hydraulic model can be clagsified as an analog model where
the two sets of variables are of the same kind,
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However fer some simple shapes of the domain it 1s possible to
solve analytically very simplified mathematical models (analytic
models),

A short presentation of some aspects of the utilisation of
the different types of simulation techniques is made in the follg
wing sections,

2.3.,2.2 = Hydrasulic medels

The large experience in the use of hydraulic models makes
them a reliable tool for studying several hydraulic phenomena
which ocecur in estuaries, 1In spite of the inheresnt difficultiies
related to similitude problems, scale effects and the impossibili
ty to simulate some phenomena, hydraullc models do have the abili
ty for simwlating complex aspects of the flow which are difficult
or lmpossible to simulate using other techniques., Such are the
cases of the vertical distribution of veloccities, of the bed evo
lution, ete,, Hydraulic models also have the ability to simulta
neously simulate several phenomena which have different time and
spatial scales, |

However some factors exist which may discourage for the use
of estuary hydraulic models, In fact, for building and operating
such a model 1t is necessary to have:

- & large covered area;

-~ a big amount of expensive equipment;

~ a large period of time te bulld, calibrate and verify the medel;
~ an experienced operating staff, '

As a consequence, a hydraulic model study of an estuary is
always expensive and time consuming, altheugh the costs and the
timing of estuary works may entirely justify that study.

2.3.2,3 = Analog electrical models

The simulation eof the estuarine flow by means of analog e~
lectrical models was never a widely used technique, This may be
concluded frem the very low number of publicatliens existent about
the subject, This number seems to be decreasing and perhaps the
use of that technique will disappear,
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Several reasons may be pointed out for that., Those models
were never an alternative for hydraulie models, except in the ea
ses where the flow has one dimensional characteristic, Besides,
an analog model may be considered as an analog computesr and, for
many purposes, the use of this type of computers became sut of
date by the rising and rapid growth of digital computers,

2.3.2.4 - Mathematical simulation

The mathematical simulation of the flow by the amalytic se
lutien of 1te equations is only possible if these equations are
highly simplified and the domain's geometry is very simple, Thus,
for actual estuariesa, those analytic models are of 1ittle interest,

The parallel development of digital computers and numerical
analgsis rendered possible the solution of complicated mathemati
cal models of the flew, 1n domains with complicated geometry such
that of estuaries, A great number of computational systems exist
today for the numerical simulation 6f the flow in estuaries and
this techrnique has already been used in many actual studies,

The numerical simulation has however some limitations ari-
sing mainly from:

- the limitation of available computational capacity, which limits
the complexity of the mathematical model to be used and the ag
curacy of the results, :

- mathematical aspects, such as the choice of correct boundary
conditions,

- the simplifications made in the mathematical model, such as the
use of fixed domains and the vertical integration of the egua-
tions.

2,3.2.5 -~ A comparison on the use of the different simulation
techniques

Ags it was said above, analytic mathematical models and ana
log eleciric models are of little interest for actual estuaries
studies, Thus this comparison is limited to hydraulic models and
numerical techniques for the simulation of the estuarine flow.
That comparison is based on the analysis of several factors which
affect the time, the cost and tha suitability of the resulte to
the purpose of the study,
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In what concerns time, if all necessary data exist, the du
ratien of an hydraulic model study is several times that of a nn
merical simulation one, This comes mainly from the comparative-
1y long time necessary to build, calibrate and verify the hydrau
1ic model, which in general lasts for more than a year, After
the model verification the difference 0of the durations for each
experiment is not so important,

Concerning the cost of the study, this cost 15 quite diffe
rent for the two techniqueeg, In fact, a hydraulic model needs a
large covered area and a lot of equipment which are attached to

the stndy during all its duration, Besides, the building and main

tenance of the model are sxpensive and its eperation needs an e&x

perienced staff of several people, The numerical simulation needs

that a computer be available during some relatively short periods
and for a complete study two experienced people are sufficient to
prepare the data for running the computational system,

Thus the advantages of tihe numerical simulation over hy--
draulic models seem obvious in what concerns time and cost, How
ever, the main factor which must be taken into account for the
choice 0f the technigue te be used is the fulfilment of the puxr
pose ef the study, For that, the two techniques must be compared
in what concerns their abilities and the reliability on their re
sults, keeping in mind that these results are only the ones needed
for that study., These aspects are related to the following consi
derations:
= the mathematical model used for the numerical simulation results

from simplifications made in the general equations of the flow,
while these eguations "are™ in the hydraulic model, Thus the
mathematical model represents a simplified flow,

- Scale effects may exist in the hydraulic model simulation while
this is a non existent problem for the numeriocal simulation,

- Hydraulic models have the ability to simulate the flow in singu
lar zones of the estuary such as tidal flats and corners without
great difficulty, With numerical techniques these flows can on
ly be simulated by making some more or leas "cooked" assumptions
about them,

- With numerical techniques it is possible to simulate some exter
nal actions ever the flow such as wind action, atmospheric pres
sure gradients and Coriolis effect without a great addition of
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work, With hydraulic models, Coriolis effect may be simulated
by using sophisticated equipment but the simulation of the twe
other effects is undeasible,

- Hydraulic models may be used for stwdying the estunary's bed evo
lution while at this stage this 1s unfeasible with mathematical
models with a minimum of relisbility,.

From these conelderations one may conclude that for some pro
blems only one of those two technigues must be used, while in other
cases one must choose among them, However in some cases the use
of both may be justified, In fact one reason that makes hydraulic
models 80 large is that, in addition to scale problems, it is ne-
cessary te fix the boundaries of the model far enough from the stu
dying area in such a way that correct known values may be imposed
there or that errors in the boundary conditions may be attenuated,
With the results of a numerical simulatiog good values for bounda
ry conditions may be found near that studying area and so big sca
le hydraulic models may be built on the same area, or the area nes
ded for the study becomes smaller; With the big scale models the

study of local effects which can not be done with small scgles

and for which numerical simulation is not yet a satisfactory answer

becomes possible, incereasing economically the number of problems
that can be solved in the field of actual estuary studies,
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CHAPTER 3

MATHEMATICAL MODELLING OF ESTUARINE HYDRODYNAMICS

3.1 ~ INTRODUCTYION

By definition (see ch.l), a mathematical model of the estua
rine hydrodymamics is a set of differential equations together
with suitable initial and boundary conditions, possibly in a dizore
tized form, In order to aveid ambiguity, the discretized Pform of
the differential equations will be called the discretized model,
Thus mathematical model concermns the differential form of the equa
tions, ’

The mathematical model may be derived from’the general equa
tions of the flow by-makimg several assumptions about the flow cha
racteristics, or may be established directly from those assumptions,
The diseretized model resulis from the application of some method
of numerical amalysig 10 the differential equations,

In this work the mathematical meodel is derived from the gene
ral equations of the flow, This methodology seems better because
it permits an useful estimate (although subjective) of the infiuen
ce ef the gimplifications made during the derivation on the results
ef the simnlaiion,

The discretized model is fundamentally an algebraic system
ef equations  derived from the differential equations, The s0
Intion éf that gystem may be obtained at a givem set of peints in
the domain and 1% is an approximation to the soluition of the mathe
matical medel,

Two distinet problems may be posed abount the quality of the
gimulation resnlts, One is how well the mathematical model repre
gents ithe actual flow in the estuary. The other is how close is
the solution of the discretized model to the true solution of the

differential equations of the mathematical model,
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The first problem depends fundamentally on the assumpéions u

ged to simplify the general sguations of the flow, or in other words,

on the sultability ef a given model to the flow in & given estuary,
The gecond one is a complicated mathematical problem, at least for
some models and fome numerical methods,

In this chapter, afier a classification of mathematical mo-
dels, the cholce of a plane twe dimensional model is justified.
This model is derived from the general esquations of the flow and
ite discretization is made using the finite element method,

3.2 - CLASSIFICATION OF MATHEMATICAL MODELS FOR ESTUARINE HYDRO-
DYNAMICS

There are several oriteria which can be used to make a clag
gification of maithemafical models, For example, that classifica-
tion may he hased on the type of flow (steady or umsteady), on the
driving forces of the water movement (tide, wind, etc.,), or on the
degree of simplification of the medel relative to the primitive ge
neral equations {linearized or not, with er without conmvective
terme, etc.). A more interesting classification in what concerns
hyéredynamies estnarine models is based on the number of spatial
dimensions used to describe the f£low domain, From this standpeint,
the follewing types of models may he considered:

(3D) - Three dimensional medels ,

The general equations of the flew more or less simplified
are solved in a three dimensional space,

(2D-H) <~ Two dimengienal horizonial vlane mocdels
The general eguastlomns of the flow are vertically integrated
between the hottem and the free surface, and are zolved in
a horizontal plane domain,

(2D-H-L) -~ Pwe dimensional horizental vlane models with lavers
They are an a&apﬁaﬁion o2 2B-H models for stratified estua
ries, In each layer demnsity is kept constant.

(2D-V) - Two dimensional vertical models
The general equations of the Zlow are width integrated and
golved in a vertical plane domain normal to the direction
of the integration,

(1) - One dimensional models

The general oquations are 1ntegrétad over the cross section
and are solved along the axis of the estuary,.
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3.3 - THE CHOICE OF A MATHEMATICAL MODEL

FPor the choice of a mathematical model which will be used
for simulating the hydrodynamics of an esiuary one must analyse
some factors which may affeet that choice, They are:

a) Exigtence of compuiational facilities

When more dimensions are used in a model, more core is u
sed, meore data preparation is needed and more time is
spent in the compuiations, Haréware or operational Iimi
tations may precliude the use of a given mathematizal model,

h) Available data
The use of simunlatien for an zctnal estuary study makes
necessary the calibration and veriflcation of the model,
This impiies that a lot of synoptic data must be availa-
bile. Thak data grows strongly with the number of dimenw
sions of the model, and its collection is & very costly
operation,

¢) The scepe of the simulation
The model must be sultable to describe the phenomena which
one wante te study. Is ie not possible to study the behg
viour of a sali wedge ¢r the Coriolig effect with 2 one
dimensional model, On the other hand a 1D model is suffi
clent for siundying water levels in many estuaries,

d) Geometiric characteristics of the estuary
Some estuaries have a geometry which is well suited for
a 1D model study since its flow does have one dimensional
characteristic®, On the ether hand if the geometry of the
sstuary is irregular at least a 2D medel must be used,

Items a) and b) discourage by ithemselves the use of three ai
menztonal models, Im fact te run a 3D model one musi have access
to & large computer during a long period of time, Besides, it is
very difficult that suffiocient gsynoptiec data existes for the eali
bration ané -verification of the model,

The study of Portuguese -ggtwaries 18 the main scope for the
utilization of the computaiional system developed in this work,
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1D models are pnoi sultable for the study of some of those estuaries
guel . g9 the Taguse, the Sado, Aveiro and Fare, Thug the deve-
lopment of a computational sysiem based onm a one layer two dimen-
sional plane model for the hydrodynamics of a homogeneous estuary
was chosen, This is considered as a first step for the develop-
ment of more complicated models, but, nevertheless, permits the
study of some impertant engineering problems,

3.4 - DEVELOPMENT OF A PLANE TWO DIMENSIONAL MATHEMATICAL MODEL OF
THE HYDRODYNAMICS OF A HOMOGENEOUS ESTUARY

3.4.1 - General remarks

The three dimensional general equations of a homogeneous flow,
derived in Appendix 1, are the starting point for the dsvelopment
of the two (C mensional medel, The transformation of those equations
ig made through . three maln steps, At first, they are adapted tc the
‘zgarticular nature of the flow in estuaries, After that, they are
'}vertically integrated over the depth of the flow, At last a dis-
Ecretized model is derived through the application of the finite 8
lement methed to the depth integrated equations,

The description of the finite element method or any other nu
merical method is not im the scope of this werk, However some ge-

neral features of the method are presented as a basis for a compa—
rison with the finite difference method, which is better known by
hydraulic engineers, and for justifying the choice of the method,

3.4.2 - The three dimensicnal ecuvations of the flow in an homoge-
neous estuary

In Appendix ! the continunity and momentum three dimensional
equationg for tne flow of a Newlonian liguid with constant density
are derived, Jior estuaries the momentum eguations mus? be adapted
to the particular nature of the flow, wnhile the continuity equation
rema2ins in the same form as & consequence of its simplicity,

In what follows the flow variables are expressed by their
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mean value over a time interval Ar defined in such a way that :
the mean value of the turbulent fluctuations around the mean value
of the variables is zero; the evolutien of the variables mean value
in time defines accurately the evolution of the flow,

The notation used in App.l1 for the mean value over A;
(<y> = mean value of y over Ar ) is omitted since it is superfluous,
Exception is made for the turbulent momentem transfer term p<uu>
where u/ stands for the instantaneous fluctuation of u; arcund
its mean value,

X (1 =1, 2, 3) are the coordinates in a direct system fixed
on the Earth with Xq directed vertically upward,

The summation convention is used throughtout this work,

3.4.2.1 -~ Continpuity eqgquation
The three dimensional continuity equation remains in its mo

re general form for the flow of a homogeneous liguid, derived in
App.l, That is

1=0 (i=1,2,3) (3.1)

where u, 1s the mean value over A: of the X4 component of the ve
locity vector in a point of the flow, In the derivation of (3.1)
it was assumed that variations in density may be neglected, that.

is, the Boussinesqg approximation was used (see Phillips (1980)).

3.4.2.2 - Momentum equation

In App.l the three dimensional momentum equations are dert-
ved for the flow of a homogenecus liquid, The equation relative
to the Xy component of mementum appears in the form

d é a s+ ©Cp 2
3 (Pu.')'i‘axj (P“i”j)‘i‘axj (p<uiu; >)= Ex,-—huv u+pX; (3.2)

(ij=123)
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where y and p are the mean values over Ar of the X5 components
of the velocity vectier and ef the pressure at a point of the flow,

p is the fluid density (assumed constant), y is the dynamic vig
cosity of the fluid and pX;, 18 the x4 component of the sum of the
external mass forces per unit volume,

Some adaptations may be made in (3.2) as a conseguence of the
estuérinc flow nature,

Considering that gravity is the only vertical external mass
force acting on the flow, it follows that X3 = —€ , Introducing
this force in equation (3,2) for 1=3, all the other acceleration
terms may be neglected with regard to it, Consequently instead of
(3.2) one may write

) = )

2 s (gt (gt )= P 4
= (p“‘)+6xj (pu,.uj)+6xj (p<uju >)= a\_j—i—uV U+ pX;
(3.3)
é
= i=1,2;j=123
~. P9 0 (i=12j )

This means that the pressure distribution follows a hydro-
static law,

Vertical integration of the last equation of (3,3) between
a peint P in the flow with elevation xq above the zero datum level
and the free surface with elevation H gives

o T H ‘
Hd.\g—i—f pg(1x3mpa—p+gj pdx;=0 (3.4)
3 .

a X3 Xy

where p is the pressure at P and p, is the atmespheric pressure,
Derivation of (3.4) with regard teo Xy ylelds

A P s rH
fp —Cpa-%g;.j pdx,=0 (3.5)
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or, applying Leibnitz rule‘l)

€p _Cpa "ep ¢H
Ex,-mﬁx,-_i_g J;_ﬁx,- d.la—!-gpaxi ) (3.8)

Dividing by pg and taking relative pressures ( p, = 0), the
last equation hecomes

1 ép ¢H 1 ["ép |
Py B, ix o J_ s (8.7

The first term in this equation is the piezometric surface

X4 inclinationiin P and the second term is the free surface x,ip
clination in the vertical of P, Thus the sedond member of (3.%)
represents the relative slope of those two surfaces, which is ob

viously zere since we considered that p is constant,
However some interesting considerations may be made about

that relative slope (Pritchard, 1971), For estuaries with strong
horizontal salinity gradients, the distance between the isobaric
and the free surface decreases seaward, Typically in such estuaw
ries during the ebb period the flow velocity decreases with depth
while in the flood period it ipcreases with depth., Consequently
for the whele tidal cycle there is a net non tidal circulation di
rected up the estuary near the bottom and seaward in the upper la
yers., The relative slepe between the isobaric and the free surfa
ce acts ag the driving force of that circulation,

Important difficulties arise when attempting to intreduce
this mechanism in the modelling of estuarine circulation,;because
to compwie the above mentioned relaiive slope, it is necessary to
uge the spatial distribution of temperature and salinity frem which
the density may be calcrnlated, Usually these data are not availa
ble and so that cemputatien is impessible,

Resuming calculations from equationm (3.6), the integral term

(1)

b 5 2 A A
t[iidx=cij F dx;— F(B) <o 4 F (a) 2%
X ox. CX; CX;
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is zero, sé it may be written

P "Cpa'i' "(“:“]i (3.8)

[

o, ox, P ex;

Substituting in first equation of (3.3), ylelds

a

cp, cH
6 pu)+ (pu,uj) ; (p<uiuf >)= ep — Py s ax, +uViu+pX,
J

(3,9)
(i=12=123)

Suppesing now that some empirical relationship is establi-
shed which m&kes8 the turbulent momentum transfer term a function
of u;, u; and & coefficient,. eqguation . (3.9) and the continuity
equation are a representative model of the circulation in an estua
ry. However there are four unknowns s (4, U, us, H) » and only three
equations and a direct solution is not possible, One way of aver
coming this difficulty is the use of a twe dimensional model which
prevides & satisfactory estimate of the free surface elevation H,
Thus the introduction of H as a known value in equatien (3,9), ma
kes 1t theoreticglly possible to solve the three dimensional model,
The main difficulty arises from the fact that it is necessary to
have a credible red3ationship for the coefficients ef turbulent mo
mentum transfer in terms of known computable parameters, Pritchard
(1971) points teo possible further simplifications ip the equations
that may constitute the starting point for the development of such
a model,

3.4.3 - The two_dimensional vertically integrated equations

] = The three dimensional equations of

continuity (3.1) and momentum (3,9)
H are the starting point for the deri
vation of the two dimensional model,

) . ZERO DATUM
z For that purpose, those eguations

are vertically integrated over the
depth of the flow taking into account
the following boundary conditions:

‘7 Vi
I et
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a) At the free surface
(3.10)

5 (H—x3) -

that is, the particles that are on the free surface remain on it,

Developing (3,10) gives

&H CH  dx, _ _ :
(u,,..@}m uj}:'\—‘}—“&?-)xl‘=n—0 (]—1.2,3) (3-11)
but
cH
a0 (3.12)
thus (3.11) becomes
&cH cH
(Et i —113)‘:=H_0 k=1,2) {3.13)
b) At _the bottom
L a—n| =0 (3.14)
m('\3-"- s = .

that is, the particles that are at the bottom remain there,

Developing (3,14) yields

dx, (= cz .
(@-F-uz).m0 0129 (3.15)
hut
iz
7, =0 (3.16)
64/13/5314
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and, as the bottom is fixed
(3.17)

thus (3.15) becomes
'z
U a T . =0 (k=12 (3.18)
3.4.3.1 = Continuity equation
Starting from three dimensional eguation
{({=1,23) (3.19)

and integrating vertically over the total depth of the flow there

results
M, A u " Eu
LEM:J- E"d\3 j E—jdxa_o (k=12 (3.20)
Applying the Leibnitz rule to the uy integral yields
¢ I o cH Lz q =0 a
- wdxy — )?“T\'TL“"(') ?T_k+u3( )—uy(c)= {3.21)
er
¢ ¢H L 6z
2. hit, —| w(H) r“xk‘_%(H) +[ tlz) o~ —uy(z) |=0 (3.22)
where
_ 1 h
“k:f—J: uy, dxy (3.23)

is the depth average velocity of the flow,
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Taking into aecount (3.13) andé (3,18), the equation (3,22)

becomes
cH @ _
"F?“+F"_”{_“;(h“k}z0 (3.24)

which is the continuity equation for the two dimensional vertical

ly integrated model
3.4.3,2 - Momentum equatien

The derivation of the two dimengional momentum equations

starts from the following three dimensional equation (see 3,4.2)

EP“ u;+ pX;
(3.25)

é ¢
(p<ujul >)=—

(pu )+ = puJu,) + 2

(i=125=123)
it may be writ

Considering that the demnsity p is a constant

ten
cu; @ ¢ 1 ¢ép ¢H
—— = (TR — = ——— _ﬂ' . . 3
5 +ij(‘3”‘)+c'xj <uiul>= o 9 u;+ X (3.26)

where p=y/p 18 the kinematic viscosity of the liquid
Vertical integration of (3.26) over depth, using Leibnitz ru

le, gives for each term of its left hand side

" Cu; ¢ [ H ¢H
J 2—? dx, =§Ej u; dxy—uH) %I— Z"% (hit;) —u(H) %T (3.27)
»,-./ "'\_(_«w-wj : M e
H (-,\ H E' H E
J; &, (b} dxy :J. &, (up) (!x3+J =, (uzt;) dxy= (3.28)
~ Y 2
;ﬁ%ﬁ Ut dX 3 — 1 )uﬁﬂ +ug) ()%ﬁ+uﬂH)mﬁﬂmuﬂgtmj= {(3.29)
64/13/5314
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- H “H '\Z
:ﬁikﬁ ugatdxy —uf{H) (“k(H) ;l_x. —u5(H) )‘H‘.-(f) (“k(f) (:\‘k - uﬂ:))

(3.30)

Applying boundary cenditioms (3,13) and (3.18) to (3.30)
yields

| ru A . Ay
; ; c cH
! e (1)) dxy = wdx.+u(H)— |
i J;f-“j(“}'3 exp e OO A 5 i

SR ) s (3.31)

Consider now that the velocity(l)

at any point of the flow is given
T == by (see figure)

u=i+u (3,.32)

where i is the depth average velocl
ty over the vertical of that point
and v is the deviation of the actual
velocity u from i .

Thus one may write

Ul = T 0+ T+ 0+ upi) (3.33)

and
R, = Tl =+ Wyl + LT -+ W (3.34)

But
Tt = Byl (3.35)

(1), This velocity is a mean temporal point velocity over a pe-
riod At such as defined in 3.4.2,
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and

(3.38)

Then (3,.,34) becomes

| = i \ (3.37)

- i

Applying (3.37) to the first term of the second member in

(3.31) gives

& (" é i ¢
= i, dvy==— (h T, = h it +=— (h g, 3
.ka ki 3 ex, { k :) 6.\". ( k :)+ (.xk ( k e) ( 3 . 8)

Taking into account (3,27) and (3.31),the first two terms

of the momentum equation (3.26) may be written

-

—«H - ﬁ H
(h i) —u{H) CE‘_I_I-a'.i (h o)+ (h TATARSTR( )i—[ (3.39)

QJI o

Developing the first and third terms yields

fl_ b (h ) (3.40)

£t ch
&x,

- = g+ i)+ h iy,

The second and third terms of this equation may he rearran

ged to

i G+ o ) (3.41)

and as H=h4z1it is
ch ¢H ¢z ¢H (3.42)

& ot ét ot

Thus in (3.41) the expression between brackets is zero by
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continuity (3.24). The first two terms of (3.26) become

G,
+5 (h i) (3.43)

k -~k

Ci; _
h—+ h iy
ét

I

The integration of the third term of the momentum equation
gives

H » B 2 H o
‘ +, 4 . ¢ +, 0+ . ¢ -
J . <ujui > d.\3zJ. R <ufu’ > dxy+ o <ujul > dxy= (3.44)
H N H kK H 3
0 & Az
= <UTUT >+ <ufuT >t <yl > s+ <uiut >+ <ufuf>.  (3.48)
€xp Xy ¢y :

(i=1,2j=123k=12)

The last two terms may be neglected since vertiwal velocity
fluctuations around its mean time value may be taken as zero, So
(3.44) may be written

H - - -

c . cH cr

+,.+ oo+ T +, F -
s LU U > dxy=——h <ufu] > - <uu > —+ <uu; >, = 3.4
J; axj j i 3 dxk k % kU H £x, + k Y Ay ( 6)

For the terms of the second member of (3.,26) vertical inte-
gration yields

H | Epa N h 6Pa

[ Ea-2 (347
H ¢H cH

ﬁ —gﬁd.\gmmghm (3048)

Taking Corielis force as the only external horizontal mass

R LR
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force acting on the flow, it is
Xi=(—1P""fu;_, (3.49)
where [=20sin¢ is the Coriolis parameter with

-5
Q - Earth angular rotation velocity ( 0 =T-3%2 x10 5-1)
¢ = latitude

Thus

H H
j X, dx3=J (=1 fuy_;dxy=(—=1°*""hfi,_, (3.50)

Considering the eguations (3.43), (3.46) te (3.48) and (3.50),
the vertically integrated momentum equation may be written after
reordering and dividing all terms by h,

o A

N Ly

fi; _ Oy o, o ¢H 1 ¢ —_ .
—-(=1" it —+ hupi+h<u]ut >)—
T + Uy 7%, (=17 [z i+yg &% héx (_ utFh<uguj >)-
1 ¢H 1 L&z tep, 1% (3.51)
——<ut ut e, —to<uf u >, —=—— ,,p +— b Ay dx,
h éx,  h €xy, p Cx; h .
(i=12:k=12)

In this equation some terms appear without a known explicit
dependence on the flow variables, Thus empirical expressions nmust
be used to quantify those terms,.

The term bhetween brackets has one part related to turbulence
and another related to velocity vertical distribution. Its imper
tance is small when compared with other terms and so it can be ne
glected, However many authors use that term taking advantage of
its favourable influence o¢n the stability of the solutions, by ac-
ting as a filter for the shert waves, Imn these eases that term is
replaced by another with a structure similar to the ao called "Rey
nolds'stresses™, like, for example, the following one

2 on, o
> %k( +gﬁ>5u (3.52)

i éx,  Ox;

where ¢, is a coefficient which is adjusted independently of physi
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cal considerations about the flow,

The #ast term of (3,51) is related to the viscosity and may
be neglected because the flow is turbulent during almost all the
tidal cycle,

The last two terms in the first member of (3.51) are related
to the turbulent momentum exchanges at the surface and at the bote
tom, These exchanges are due to the effecte of the bottom roughness
and of the surface wind stress, They are substituted by empirical
terms which simulate these effects since no explicit dependence on
the flow variables exist,

Experience shows that a quadratic law is a good representa.
tion of the bettom roughness effect, Thus the related term in the
momentum equatidn may be subastituted by

9

& @i (3.53)

b

where g is gravity and C is the Chézy coeffiecient, Obviously o-
ther roughness coefficients like Manning's n, can be used, changing
g8lightly the above expression.

The wind effect on the flow is more cemplicated to handle be-
cause it induces changes in the vertical velocity distribution,
Thus that effect is also influenced by hottom roughness, Drockers
(1964 ),and it should be considered in combination with surface
stress in the expression that eimulates wind action, It must alse
be taken into account that the free surface is deformable, so in-
ducing variations in its "roughness" and conmsequently in the momen
tum exchanges between air and flew, In general a quadratic rela-
tionship 18 used for writing the surface stress as a function of
wind velocity, In the momentum equations the related term is writ
ten in the form

1

E?Z Pa H/:.z (3.54)
where W, is the Xy component of wind veloeity at a standard ele-
vation above water level, o, is the air density and y is an adi-
mensional eoefficient that depends on the bottom roughness and wa
ter surface shape,
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The momentum squation can now be written in the following

foerm which makes its solutlion possible:

_ Cu _ ch g L .
""gf*-i- 4 = k--(m—-l)g’ fu3u‘+g”§;; 2 (u;-l—ui)l 2 f=
. ., 1 &p, éz (3.55)
= 7P Wi s g —
h p Cx; Cx;
wheére the relationship H=h+z was taken into account,.

Developing the subscripts i, j, k and omitting the now unne
cessary bar rotation, the three equations of the mathematical mo-~

del are:
Momentum equatigns

fii& Cu] e} 6"1 4 o2 -2 (3.56-1)
At +ul ﬁ.\l [2 Ay f“Z 1+C2h (11+l2) Uy =
ml.z 2 16pe_ O
B!ty ex, Y ex
s, Ctiy E"u
-\_+ul-\—: +g,\ CI @2+ a2y, =
L 1ép, &z
h' e p ox, 7 éx,
Continuity eguation
o - -
S (g + = (huy)=0 (3.56-3)
&t éx, £x,

These eguatiens are usually known as the Shallow Water Equa-

tions.

3.4.3.3 - Initial and boundary comnditions

The shallow water equations, above derived, are.of. the hyper
bolic type and so, its domain is open in the time dimension. . To
find a se¢lution at a given instant, it is necessary.to know the va
lues of the dependent variables at a preceding instant. These are
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the initial conditions of the problem and, from the mathematical
standpoint, no special problems exist for 1its intréduction in the
calculations, except that they must be known,

The problem of setting boundary cenditions is more complex,
A et of boundary conditions must be chosen in such a way that the
problem is well-posed and correct values must be assigned to the
chosen boundary conditions, This is not an easy task as it can be
seen in what follows,

In an estuary-like domain, there
are two types of boundaries, (see
tigure):

S1 - S0l1d boundariess
S2 - Open beundaries

Since_only fixed domaing are consi
dered, solid boundaries correspend
to.the banks and to the shoreline.
.and so they are natural boundaries .

o1 the domain,

~ Open beundaries are arbitrarily located for closing the spa
tial domain so that the problem can be solved. "Thus they are arti
ficial boundaries which must not perturbate the natural flow pat-

tern or, in other words, the solution must be independent of their
~location,

After chosing the location of the open beoundaries, the pro-
blem consists in determining a set of poundary conditions and
their numerical values such that: _

a) the problem is well-posed, that is, a unique solution exists
and depends continneusly on initial and boundary conditions,
b) boundary values in open boundaries agree with the natural flow,

Concerning the existence and uniqueness of the solution, en
ly a few authors have made a formal approach to the problem,

In 1967, Daubert and Graffe, published a study on boundary
conditions for the shallow water equations based on a geometric in
terpretation of the theory of characteristics, That theory states
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that the number of conditions to impeose at a boundary point is the
number of characteristie half-planes external to the space-time
domain, The number of such half-planes depends on the Froude num
ber and, in the case of a suberitical flow represented by the Sh,
w.Eq., it is egual to one er two, depending on the flow direction
at the boundary points, For a flow directed into the domain two
conditions must be imposed, On the contrary, if the flow goes out
ward, only one condition is necessary to ebtain a unigque solution,
If nen linear terms are dropped from the equations, only one condi
tion is necessary along the beundary, independently of the flow di
rection, However, the authoers do not prove formally that with tho
se conditions the problem is well-posed,

More recently, Oliger and Sundstrom (1975) studied the pre=-
blem in a formal way and concluded that the Sh,W,Eq. problem is
well-posed with the following boundary conditions:

Solid boundaries:

ua =0
n
Open inflow boundaries:
L )
H=H and un = o,
er
un = un and ut = ut

Open outflow boundaries:

. H=H or o, = u,
where the overbar denctes prescribed values of normal velocity (un),
tangential veloeity (ut) and water level (H),
the problem of assigning correct values to the cho
sen open boundary conditions, the following cases may be considered:
- Open boundaries not influenced by tides
This is the c¢ase when the open boundary is located at a river

section upstream of the tidal propagation limit, It is an inflow

boundary and so water level or tangential velocity must be prescri
bed jointly with normal velocity, In general a section of the ri-
ver is chosen such that a relationship between flow discharge and
water levels exists, Water level can be considered constant along
the boundary and normal velocity values can be derived from flow
discharges,
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- Open boundaries imnfluenced by tides

At the line chosen as open boundary, the values of dependent
variables depend on the flow pattern inside and outside the domain,
Since these flows are unknown, there is no way to prescribe values
to the variables directly, based on physical reasons, Thus the si
mulation of a given flow requires that field measurements of velo-

cities and levels exist along the boundary. In general this is notf

the case and even if they exist such values cannot be applied for
prediction purposes, since the alterations in the inside domain
flow pattern influence the boundary flow, )
)
After these remarks, one may ask how it was possible to run
estuary models during the last twenty years, In_the . literature.p.
ne can see that for the most part of models.only the water levels
are_prescribed _as open boundary conditions, Concerning.the.well-
posedness of the problem, thisg is.a sufficient condition during
outflow perieds,hut, during inflow, it does not guarantee a uni=-
que solution., However, as stated by Daubert and Graffe (1967) and
by Praagman (1979) for the linear shallow water equations, (no con
vective terms, no friction and linearized continuity equation), the

prescriptlen of water levels along open boundaries during the Wh@leb

tidal cycle is a sufficient conditien to get a unique solutlon.
‘Thus, if. near. the boundary .non linear terms are not impertant re
E18’01&0 to _ether terms, it can be expected that.linear._and nonlinear
gystems shall have similar hehaviour. For such a situation to be
realistic,-it-is necessary.to.locate the open boundary.in deep wa.
Jer zones and. far away from the domain of interest.. One argument

nore in favour of nsing only one boundary condition during inflow

is that an extra boundary condition has only local . influence (Praa
gman _(1979)). Thus if the houndary-is not-near-the.domain of in .

terest, no influence of the "wrong" boundary condition shall reach

in there,

The above solution which allows for running a model without
great mathematical apprehension has, however, some practical dis-
advantages, In fact, the solution domain must be larger than the
domain of interest and, consequently,more data must be prepared
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and more running time is necessary, Also in mosti cases there are
no water level data along the boundary but only at one end of it,
I1f, at each time step, the same level value is prescribed at all
points in the boundary, it will always be a cotidal line with the
same tidal range along it. One may introduce some phase shift and
tidal range variatien along the boundary, but, since there are not
any related data, their values must be found by calibration jointly
with roughness parameters.

Since the beginning of the last decade, some researchers
have worked in the problem of boundary conditions for the

shaliow water equations., Solutions have been developed which

make the problem well-posed from a formal standpoint., However the
impossibility of assigning the correct values to the boundary flow
variables, leads to the necessity of investigating new types of
boundary conditions,

One direction in these investigations goes towards the sepa
ration of the inside and outside influence of the domain en the
boundary flow, This corresponds to considering that the tidal wa-
ve at the boundary is the sum of two waves, one propagating inward
the domain and the other cutwards, A condition must be imposed at
the boundary, such that the ocuilgoing wave is not reflected there,
Thus it is only necessary to know the values of the undisturbed in
going wave, which are closer to the hypothesis of equal range along
the boundary,

3.4,4 - Derivation of the discretized model

3.4.4.1 - Introduction

The direct integration of the shallow water equations is on
1y possible when they are in a very simplified form and for very
simple geomeiries of the domain, However the integratien 1s possji
ble for the eguatiens 1n the above derived form and for complica-
ted domains, through the use of numerical methods. Tha use of these
methods for actual estuary studies became possible with the advent
of large capacitiy computers,

The discretized model which 18 derived in the following seg
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tien is the result eof the application to the shallow water equa=-
tions of the finite element method in the space domain and of the
finite difference method in the time domain, By its pature the
discretized model is an approximation to the primitive mathematical
model, that is, its solution is an approximatien te the t{rue solu
tion of the differential shallow water eguations,

3.4,4,2 - The choice of the numerical method

Three numerical methods have been used for integrating the
shallow water squations, They are the method of characteristies,
the finite difference method (FDM) and the finite element method
(FEM), The method of characteristics was already used before the
digital. computer era for studying the propagation of tides in oge
dimension (see, e.g., Drenkers and Schonfeld, 1955), It has se-
me interesting features, such as its suggestive geometric interpre
tation of the propagation phenomena, However its use decreased
with the growth of computational capacity which made it possible
to selve more complete medels in a easier way,

Since the sixties the FDM has been widely used for solving
the shallow water equations and more or less sophisticated computa
tional systems based on finite difference models exist . everywhere,
During the seventies the FEM which was-born in the structural sngi:
neering field was applied to hydraulic problems, During the last
six years a lot of finite element models appeared and nowadays they
coexlst with FD modelg, It is not suprising that, during the la-
test years, the comparison ef both methods bas been a matter for
analysis among those who work in the field of mathematical model-
ling in hydraulics,

Fer the computational systiem developed in this work, the
FEM was chosen to derive a discretized model of the flow, It has
some advantages and some disadvantages relative to FDM, which are
analysed in what follows after a very short description of both me
thods,

In the FDM the differential equations are discretized and
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soelved in a rectangular grid of points which cevers the domailn,
The technique used for the discretization of the egquations and
for solving them may be more or less sophisticated, Fer the more
gimple models the grid size is uniform, but,depending en the seé~
phistication of the model,variable grids may be used,

In the FEM the domain is discretized in subdemains (finite
elements), Within each element the variables of the preblem are
approximated by the interpelation of thelr values at a chosen set
of points (nodes) in the element, The appreximated values of the
variables are substituted into the differential eqeations giving
rise to an error (residual), When applying weighted residual me-
thods, that residual is multiplied within the element by some wel
ghting function and the integral of the weighted residual over the
element is made zero, In this case the Galerkin weighted residual
method is used, that is, the weighting functions are the same as
thogse used for interpolation of the variables, The result is an
algebraic system of equations whose unknowns are the values of
the variables at the nodes of the element,

Performing the same operations for all the elements and sum
ming for each node the respective equations ebtained from each a-
lement which contain that node, results in an algebralc system of
equations whose unknowns are the problem variables at all nodes in
the domain, Applying boundary conditicns and solving the system
the solution .of the problem is obtained,

For a comparison of FDM and FEM one must keep in mind that
the solutions obtained with each one are approximate solutions to
the primitive differential equations, and that, theoretically, tho
se soclutions may be so close to the true solution as one wishes
by reducing the grid size (FDM), or the elements size (FEM), Thus
with both models the same degree of accuracy may be obtained, and
so, when making a comparison of them, it must be based on the ad-
vantages and disadvantages of using one or the other to get solu-
tions with the same degree of quality.

Obvieusly a gquantitative comparison is only possible for two
given computational systems. However there are some aspects for
which a comparison may be made in a qualitative way and which are
important for the choice of the method to be used, They are:
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a) Domain discretigation

The domain must be discretized in such a way that a good deg
cription of its geometry, of the bottom and of the phenomena is a-
chieved, For that purpose the degree of discretization may be ve
ry different for different areas of the estuary. The FEM is natu
rally suited for that purpose, while FDM, even using variable grid
gize, has limitations to fulfill it, Thus from this standpoint
the FEM has advantages relative to the FDM,
b) Computer utilization

When using the FEM large banded system of eguations must be
solved, This implies the use of large capaclity computers and a
large use of computer time, FDM models have more limited couputa
tional needs and so they may be run in smaller computers using less
time than FEM models, Thus concerning this point FDM models are
advantageous,

The choice of the FEM was based on the advantages pointed
out in a). In fact estuaries are in general very irregular domains
and the use of a discretization technique which permits a good adap
tation to the geometry and makes local alterations easy seems bhel
ter suited for the problem one wanis to solve,

The problems of computer utilization were not disregarded,
However, in addition to what is said in b) somes factors may render
smaller or less important the advantages of the FDM over the FEM,
In fact, the cost of the computer use in an estuary study is a
small percentage of the total cost, and so in mest cases 1t is net
a limitation on the study. Besides, the advantes in software and
hardware suited for the manipulation of large matrices may greatly
reduce the problems of using the FEM for simulating the hydrodyna
mics of estuaries,

3.4.4,3 - Linearization of the differential equations

In the shallow water equations some non linear terms appear,
Their solution in that form is possible with the use of iterative
precedures, However this technique is very costly because it uses
a lot of computer time, A more usual solution is to linearize
the egqguations, This can be done by replacing some of the variables
in the non linear terms by their values computed at the preceding
time step, Denoting the linearized variables with a zero super-
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script, the shallow water equations become:

6!4,- 0 6“{ 3-i Eh *”W'z—g 'u9 s
o B L w0+ 18w =
A TU &x; > fusoy Ia e v T (3.57)
1, , 1¢ép, éz
—??_0 TR VY D 6.\',- g ﬁxi
oo e
—t—i(h%u}=0
¢t oOx; L J (239

3,4.4.4 - Discretization in space

The discretization in space is obtained by replacing the va
riables with their approximate value over an element, after which
the resulting residual error is weighied and the integral of the
weighted residual over the element is made zero, Here the Galerkin
weighted residual method is used and so the weighting functions
are the sbhape functions of the element,

Over an slement the variables are appreximated by

;=N uy
h=N, Iy (3.59)

=N, 3

where N, 1ig the shape function of node k and subscript k in the
variables u, h and : means their values at node k,

Substituting (3.59) in the equations (3.57) and (3.58), wei
ghting the resulting residual and integrating over an element,
yields

-

At A _ . N,
n [

&x;

m @Xj (3'60)
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In these equations R°

&N

U+ Ny g C.'\m h :|NsdAe=0 (3'61)

is the term relative to the bottom ef

fect which is computed from the mean values over the element of

its variables at the preceding time step,

over the element,
over the element,

The values of

EO
W eps -

it o
i

is the mean value gf ji°
are kept comsatant

P Py P

Reordering equations (3,.,60) and (3.61), they may be written

N -
J {NLN Ct{lk ((‘ RN S Jm+N" ]\T )u”i——NkN (""1)3 If”3 1k+ NkN g]”‘:l da’=
g I il (3.62)
1é N,
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p é éx; Ax,
Making now
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v (3.64)
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and subtituting in the preceding equations yields

&t .
Ilks alk (13_;11715 Jm+Ilhs RU) Ilks(_l 3_lfu3—i.k+12iksghk=
1dp 1 (3.65)
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Il.‘.i "\ +(13lkms m+ I3rm.ks hm) uJL_O ( 3 . 66)
¢r in matrix form
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. _}! \ ahk ) i
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0

Denoting the first and second square matrix by 4;, and Bj
and the right hand side matr&x by F¢ where the overscript e means

that the following relationship is valid for an element, (3.67) be
comes

fg py AL Ut=F¢ (3,68)
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or, in a more condensed form

-\Ug
e C

+B" Ut=F* {(3.69)

where (° is the vector of unknowns, for an element,

3.4.4.5 - Discretizatiopn in time

For the time integration of differenfial equations in a time-
gpace domain it is advantageous to use the finite difference method ,
as a consequence of the "geometric" simplloity of the time domain,

The technique used for time integration is based on the appli
cation of a two level FD scheme, that is, a scheme where the values
of the unkpowns appear at two consecutive time levelz, This yields
a recurrence relationship in which the known values of the varias-
bles at a given instant : appear as initial conditiens, and the
values of the variables at a later instant t+AL are the unknowns,
These values are the new initial conditions for the next ealcula~
tion, and so on,

Applylng this to the matrix equation (3,69), gives the fol-
lowing recurrence relationship (see Zienckiewicz, 1977),

AL’ 40
(E'*‘QB") U,m-r( - +(1-0)B )UMF,MI.UM@)F%O (3.70)

where 6 is a real number between O and 1.
In this model the value ¢ = % was choosen, Thisg ylields an
implicit scheme of ecentral differences in time known as Crank-Ni-

cholson scheme or trapezoidal rule, and the preceding equation be
comes

AT 1 A1 1 .
(—&»-bi Be) U‘*-“'z(ﬁ?mi Be) U,+§ (Fi o +FD (3,71)

LNEC - Proec, 64/13/5314 ' 49



or, condensing,
AcUs=F° (3.72)

The system of equations (3,.72) is valid for an element,

3,4,.4.6 = The discretized model

For the whole domain the element matrices are assembled in
a global matrix, This is achieved by changing the indexes of the
element matrix coefficients, which are related to the local node
numbering, te their corresponding values 1in the global node num-
bering, and by collocation of those coefficients in the global ma
trix position relative to their new jpndexes, Each global matrix
coefficient is the sum of all the element matrix coefficients who
se global indexes correspond fo the former coefficient.

The final system of linear algebraic equations will then be

A us=y F (3,73)

where n is the number of elements and the matrix indexes were chan
ged to their global value.

The introduction of boundary conditions in this system and
its solution yields the values of the dependent variables and so
the solution of the preblem,
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CHAPTER 4

DEVELOPMENT OF THE COMPUTATIONAL SYSTEM

4,1 - INTRODUCTION

In thig chapter a desexripiion ie made of the compntatlonal
system developed for the simulation of the estuarine hydrodynamios,
which was named "HIDBA 7%, Accerding to the concept of compuia-
tlonal system presented in chapter 1,"SYDRA 77 isg the aet of alge
rithmg and compnier prograns developed to solve the equations of
the mathematical model used to deceribe the estuary hydrodynamice,
compriging proceasing programs for data and resulis, The algo-
rithms and corresponding computer programs were purpesely developed
fer this sys%emiﬁé

The computer lamguage first used was SIMULA, intreduced in
LNEC gfter the imnstalation of the present computer facilities(aj.
it was chosen &g a comsequence of iig gimilarity and advantages re
lative to ALGOL whiech was tradizlomally used in LNEC wiil the pre
vious compuier faciliiies,

However, SIMULA is mot efficient in dealing with numerical
arrays and the algorithms to solve the present prokiem are mainly
composed of operatlons invelving those arrays, which are repeated
sach time stepn. Typleally one can have more than 250 grid points,
each one has 3 assoclated variables ‘=nfter depth and twe veloeity
componentz), For the simulation of a cemidiurnal tidal cyecle with
2 time step of 30 min 1% is necessary %e¢ solve 25 times a non sym
metric system of more than 750 ecuations, with a hand size of about
150, This is sufficien’t to Jusilfy the use of a fast solver lane

(1). Excepiion ir made for some subroutines which were adapted
from existing ones in anciher Depariment of LNEC,
(2), DEC - System 10
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guage, In order 1o aveld a complete rewriting of the pregrams,
the goluitlion chogen was the replacoement of all numeric manipulam
tion SIMULA procedures by FORTRAN subrowtines, This has not spe-
cial drawhacks for running the main SIMULA program, and the main
goal was achleved, Another subliect which is considered in this
chapter concarns the guality of the pimulation resulits, The cre-—
dibility of the computaitional system depends on Hhat gnality and
thus an analysis of the several ‘aspecis which may affect it seems
imporiant,

4,2 ~ CONCEPTION OF THE COMPUTATIONAL SYSTEM

In the conception of the computational system some aspects
which affeet 1ts uszefulness were itaken into censideration., As a
nrinciple, a system musi supply ecredible and usable resulis siar-
ting from a minimum of data, spending a mirimom of man and compie
ter time, This geoal must De achiaved in a short itime, compatible
with the studying project needs, Alse, as it was said hefore, its
structure must allow for easy alterations such that efficiency can
be improved and that different or more complicated meodels can be
used for simulation,

In the folleowing analysis of the factors affecting the use-
fuiness of the compuiational system, some considerations are made
which are quite obvious, Nevertheless, they are important and so
they are here included,

a) Structure of compuber progrems

The glohal design of the pregrams struecture must be such
that alterations made at a gilven point of one program do not have
repercussions on the remaining paris of the system or, at least,
that any repercnsgsions are minimized and may be easily controled,
Thiszs implies that the system be composed of independent or almoss
independent meduies, In that way alterations of pregrams or the
replacement of modules is easily made,

h) Bfficiency of compuiter pregrams
The numher and type of operations which must be performed
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during the computations of a tidal cyele justifies the need for a
graat care during ithe programs development, This ig specially true
in what concerns the modunles mged for the soluitlon of ihe mystems
of equations wihich musit e basged on efficient algorithms,

¢) Data nreparaition

The data which must be prepared for running the sysiem may
be classilflied in iwo main classes, One of them consists in what
mey be called Fixed daie which iz mainly relaied to the geomeiry

0f the esitunary and iis discretization, It representis g grea’ vo-
jume of numerical wvalues corresponding to node coordinates and
bDotton depths, %o the nodal conrecting table and o ihe houndary
definition., Almos® 2ll thelr preparatien can be done antomatleal
1y. However, for estuaries, the cholice of the location of the no
des must be carefully made in suech & way that the boitom, the boun
daries and the phemnomena can be well represented wiih a minimum of
nodes and eloements, Thus the mesh definition must be made by hand
and so dees the nodal corpnectiing iable. The subsequent processing
of the fixed dais may be done in an avdtomatic or seni auitomatic way.
The remaining data may change from run Lo run and consists
mainly in bouncdary conditions values, calibrating data and data u
sed for comparison of the resuits, Its volume iz much smaller than
for the fixed data and iis preparation bas no speclal preblems,
d) Data corrvecticen and alteraiion

Th= correetlion and alteraiion of fixed data, (e.g. the boun
dary geometry), musi be a simple operation, Suitable programs must
g’ .
be avallable for that purpose’

@) Presepiation of resnliis

The primary solutien of the simulatioen is a big array of num
bers which is usgeless in that form. The system must supply =roces
gad ouitpuis which muet bave arn easy and ready interpretation.
£) Cedlbility of the resnlis

This aspeeci is aralysed In section 4.5,

(1), An interactive graphiec program for making aiterations on a i
nite elemont mezh and on reiated data was recently developed
in LNEC {Cunha, 1981},
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4,3 « DESCRIPTIOCN OF THE COMPUTATIONAL SYSTEM

£.,3.1 = Introducticon

From the compuitaticonal point of wvue the resulis of the si@g'
iation are given by the golutior of 2 linear algebraic system of
equatiens, which in matrix form may he written

&(XG} e X = FLX )

where A(X,) is the coefficient ma@réx,Féxggjﬁgthe vector of the in
dependent terme, X is the vecter of the unknowns and Xo represents
the initial cenditions, This system is a numerical analog of the
differential equations plus iniltial and boundary conditiens,

The coefflclients of the mairices A and ¥ are obiained through
the discretization of the domain and boundary conditions and the ap
plication ¢f finlite element and flnite difference algorithms to
the differential equations, taking inte account the initial values
of the unknowns, Since a step by sfep calculation in time is used,
those imitial valuss are the solution of the previous time-step or
are prescribed in some way for ziariing the run,

Very schematically, the computational system acts in three
independent siages,

PREFARE SOLYE THE L5 PROCESS
! AND PROCESS PROSLEM 5 RESULTS
DATA i

At the first stage the data which will serve ag input for
the secend stage is preopared and procesged, The main module of
the system simulates numerically the flow and ontpuis unprocessed
results to & disgk f£ile, During the last stage these resulis are
processed in several possible wavs,

In the fellowing seciions details of each stage are presented,
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4,3,2 - Data nreparation and processing

The following data must be prepared as input for the main
module of the computational system:
&) Domain discretization data

After the diseretization of the domain and the numbering of
nodes and elemenits, the nodal conpection table is built and the no
de coordinates are shored im a file together with the reapective
botitom level extracied from survey charts,

b) Boundary deofinition data

The node numbers of each so0lid or open boundary are stored,
Bach node set is a ZONE which has assigned the typre of beundary
condition that will be presgeribed,

The eorientation of the exterior normal to beundary nodes is
cenputed and siored,
¢} Integrals

The ealues of the integrals used for computing the coeffi-
cients of the matrices, which are only dependent on +he geometry
of the elements are caloculated by numeric integration and siored,
d) Initial conditions

Zf the inltial conditioms are known, they are stored in a
disk file,

®) Boundary conditions

The values which willl be prescribed at each eopen boundary
are stored,
£) Control data

The values prescribed %o compuiation control parameters such
as number of nodes, number of elemenis, time-step interval, number
of zomes, msiartingmode , ete, are stored in a Tile,

Chviounsly all the data must be checked. Thig ig made mainly
through the graphical display of the data (mesh layont, hotiom to-
pography, boundaries layout, boundaries conditions), Some small
programs were developed for data correction,
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4.,3.3 = The main module of the commuiational syzten

The strvoture of the program is composed of three =zin blocks:

{ OATA INFUT

!
A4

PREPARATION OF
COMPUTATIONAL
TARAMETERS

r

7

SIMAATION AND c
UTRUT OF
THE RESULTS

Bleck A makes the input of the da’a prepared as it was des—
cribed in 4,3.2,

Bleeck B prenares somm parameters which will be used during
the execution of Mloek €, These parameters are related to the nar
titioning of the global matrix {(partition barndwidih, initial and
final nodes and elements, e%e.)}, Blocks A and B do not deserve a
ny special explanaitien,

Bleck C ig more complicated, Its structure is described
gchematically in the following general flowecharit,
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1t

Al Emd

COMDITIONG

T

COMPUTE A &L F
COEFFICIENTS

BOUNDARY
CONDITIONS

CONDENSATION

BACKSUBSTITUTION

v

SOLUTION
STRFP JT

OUTPUT LPT & DSK

GENERAL STRUCTURE OF THE 8t.0CK
O THE MAIN MODULE OF THE
COMPUTATIONAL SYSTEM

-

C1

MAKES A & F COEFFICIENTS ZERD

c2

PRESCRIBE TNITIAL
CONDITIONS FOR THE
FIRST TIME-STEP.

C3

COMPUTE ELEMENT MATRICES AND
ASSEMBLE THEM TO FORM THE

THE GLOBAL SYSTEM AX=F,
INTRODUCE BOUNDARY CONDITIONS.
SOLVE THE SYSTEM.

C4

PROCESSED RESULTS FOR LPT.
DIRECT QUTPUT TO DSK
FCR POSTPROCESSING.

NEH INMIT., COND,. =
~SOLUT, STER JT

=Y

SOLUTION VALUES ARE ATRIBUTED
TO INITIAL VALUES ARRAY.

ITwlle:
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In the sublmodnle €1 the initial conditiens of the problem
ara prescribed 1f ithe eurrent itime-siep is the firat, A conirel
narameters indliecates 1Z there are kmewn Ilnltial comditionz, If so
they are read Trom a €isk £ile., If not %the cold start is used {soe

The svbmedule C32 may ba congidered as the nneleus of the pro
gram, The global matrix A isg, in general, toe large for bselng
contained a5 a whele in the oore memory of the comruter and 20 ap
algoritiam which zolves #the system AY = F nsging partitions of it is
uged, During esch time step the following steps are performed for
each parlitiony
&) From the Tirst until the last element which have nodes helonging
e the partiiion, ithe nmatrix elemenisz are compunield and assemdlad
inte the glohal mairix A, The Chesy coefflicle-43 are calculated
nusing Bazin formula.

b) The houndary conditions affeciing nodes of the current partition
are introduced in the matrix,

¢) The current partiticen of the system AX = F is condensed using
Cranss?! meibhed,

£} The condensed partition is Xept in a disk file,

After steps a) to 4) are performed,the backsubstitution be
gins, I3 is made for esach econdensed variition whiozh 18 read from
disk starting from ithe 1Last uvntil the first, The solution is Xkept
in & pow unnpecessary senm of matrix A,

In the submeodzle €4 $he oninut of the aslution is made in
twn diffarent ways. A line »nrinfter file is built with some ca
racteristiics of the simulation and with a precessed solution for
a2ll nodes ait chsgen time steps . Thn zolution is also ouiputed
Yo a bimary directd aeceess dizk file whiech will be nged by the pro
cessing programs of ihe resulis,

4,3,4 - Proeszging the regulis

The fimal solution of the simulation is a large array of num
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hers stored ln = disk file, That array containg, for all time -
steps, the solution for each node {2 —eleoelity componentis apnd water
level), and must be processed in such a wanner, that a correet ip
terpretation of ithe resmulis hecomes neosaidle, This can be dene
through the several ways represenied in tie following scheme of
the resulisg processing meodule,

SOLUTION RANDOM ACCESS BINARY FILE |
5
g PRE CREATES LLINEPRINTER AND/OR DATA
e @ [ PROCESSING FILES FOR GRAPHIC PROCESSING
s PROGRAM
é SOLUTION FOR EACH NODE
OF A GIVEN SET.
LeT SOLUTION FOR A GIVEN SET QF
NODES AT GIVEN INSTANTS.
hY4
DIEK HINARY FILES WITH THE SOLUTION
el AT GIVEN INSTANTS OR AT
— GIVEN NODES.
i (REATES PLOT FILES FOR GRAPHIC
GRAFHIC DISPLAY OF THE SOLUTION OR
CONTROL |l prOCESSING TO CHECK INPUT DATA FOR
FILE PROGRAM THE MAIN MODULE OF THE SYSTEM.
J? |
l = g UETY ¢ VIT) & H(T)
YLTIYIXY SURFACE LEVEL BROFILES.
! GRAPHICS l HOTTOM FROFILES.
I
]
{
l VELOCITY OR DISCHARGE FIELD.
FIFLD WATER SURFACE LEVEL ISOLINES.
GRAPHICS FINITE ELEMENT MESH.
BATHTMETRY
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4.3, « Starting the gimnlation

For starting the sgimulation i4 is necessary to initiate the
array of initial comditions, As 1% was saic Pefore this may be do
na in two different wayes corregsvonding to ihe exisience or net of
known iridial values, If they ~xist they are read frem a digk £
i1s and if they de net exist the cold siart is used,

In case She cold s%ard  ip ysed the main program of the
system must run a ceriain number of %ime steps Lo reach a siate
which in independent ef the preseribed initial conditions, In the
case of cyclic houndary conditions this happens when the solution
for a given insitant of a ecycle ia reasonably close io ihe solution
for the correspondent instant in the preceding cvele, The number
of time-steps ithat ithe program must run before the soluiion is usa
ble, depends on the mags of water inside the esivary, on its geomo
iry, on the time-siep dimension and on the initisl level chosen,
The clioser the initial condiiions are to an admissible flow in the
egtuary, the smaller 1s the number of siarting itime-steps,

The use of a solntlisn chosen from 2 previous run as initial
conditions may save a leow of compuiting time, since it represents
a Tlow compatible with ithe geomeiry of the estuary,

4,4 - GENEBAL REMARKS ARBOCUT TEE COMPUTATIONAL SYSTEM AND ITS USE(Q)

A computational system whess gezal is the simulation or the
prediciion of the hydredynamie behavieur of an estuary, is not an
easy~to~run package of computer programs, The user must Xpow the
vebaviour of the zysitem which denends on a lot of facters that in
Ziuvence the quality of the resulits., Fer that knowledge the aif?

7
rent stages of the develonment of the sysiem must e considered,
The first stage consisie of the derivation of a mathematical
model which, under some hypothesig, pretends to deseribe the flow
in an esitnary. After that, the model la simplified {(some terms

are dropped, equations are vertically integrated, etc,),

{1). A schematic represeniation of the céntents of this section
L8 nresenied a% iits end,
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At the second stage a meithod of numerical analysis is used
to tramnsform the differential equations of ithe methematical model
in 2 set of algebraic eonations, This one ig a new mathematical
model which iz an approximetien of ithe fomrmor, and which solntien
mugt be found Iin a2 dizcretized domain, that is, ir a schematizaw~
tion of the natural estvary,

The third stage corrasponds to the elabofation of the compu
ver programs. The main part of it is used to calenlate ithe coeffi
clente and independent terms of the equations, te infroduce boun
Gary conditions and 3o sgolve the system of equaticnsa,

The learnimng of the behaviour of the sysitem may be comside-
red as the last sgiage befere ils use for actual estuary siudies,

Basically, fer undersitanding the behaviour of the system one
needs:

a}) to knew bow well the mathematical model represents the flow,

h} te kmow the bebavieur of the solution of ithe digcretized mo-
del relative teo %he goluticn of the conitinuvous model zs a fung
tion of the space~iime disecretization of the démain, of the doun
dary conditlonz wusged and ef eother cemputational parameters,

What 1s said in a) represenis the obvious necessity o0f kXnow
wing the physics of the pheromenen which iz simulated,

To achieve the goal indieated in 2),two cemplementar ways
re posaible, OCne is related $o ithe theoretical analysis of the
lution ervex when the differeniial eguations nre solved through
zome numerical method, That analysis iz complicated and is only
possible with regular mesh geomeiries For the solution of simpli-
Tied forms of the differential eomatlons in zones met influenced

2
S

by boundaries,

The 6ther one follows an empiries” methodoleogy. It consists of
making tests with simple geometry estuariosz, (e.g., a3 reciangular
channel with horizontzl boitom), for which it is possible to have
analyiical solutiens 0f a slimplilied mathematical model. The com
parison -7 the analyitical and pumerical solniions may be made for
different caseg of fpace~time discretization and boundary conditions,
providing useful informatlon abouit %the behavieur of the agysfem, in
spite of the fact that the sample seluitlon 1s obtalned from a2 sim
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plified mndel. After that some tesis may he made with slightly
complicated geometiries 1o learn ithe behavienr of the solution for
different particullar cases of the flow {eourves, enlargementis and
narrowings, eftc.). The gimulation of a known flow in an actual es
tvary is the I1ast stage of %the system weorking werification, This
methodelogy was choser in the presemnt case,

The use of ithe sysiem for actual estuary studies has three
main stages, The first ome is the calibration which is thé-adjusiy
ment of the physical paramaelers {calibrating data) in such g way
that the aoluiion fits a sample data set which corresponds 30 a
Enoewn flow im the esinary and Lrom where the houndary conditions
for the simula’ion are extracted. The mex? stage 1d the verifieca
tien, Guripg which %he simulation of anothex known naiural Llow is
made with the physical parameters callbrated at the first stage,
The comparison of the results and known values provides an estima
%2 of the quality of the results that will be obiained during the
next stage, The last sitage is the prediction of the flow pattern
under conditions for which ithere are not known natural data. Such
igs the case of geometry alterations, modifications in upland disw
charges, eic,

Actually, net all the studies have these three stages. For
example, Lf one wants to kmow the Zlow field for a water quality
2%uvdy, the simvlaftion of & known flow may be sufficien’t to provide
the necessary data. In many cases therye are nol sufficient data
for making a complete calibraticon amnd verification and thos it is
ne% posegible to have a reliable estimation basis for the quality
of the prediction results, Anyway, if carefully used, the system
may provide useful information fox the~! whe must make decisions
aboupd esiuary projecis,
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4,5 ~ REMARES ON TEE QUALITY OF THE RESULYS OF THE SYSTEM

4,5, = Acenrgey and eradibility

The credlbility of a compuiational sysitem is an important
problem which mast be considered, In fact tike users o) the system
want te selve esiuvarine hvdrodymamics problems by means of & tool
wiaich they trust,

Thle 18 malnly related to the quality of the simulation re-
aults and has goma aspects which deserve rpome analysile,

One of thome aspecte ig concernmed wiih the posslbility of
checking the resulis agaimsi known data., -~In some cages this is pos
ginle and 3 geod calibration and verification of the medel may be
zade, In thiz case the gqualitly of the resulits is unperlimlided by
the ~raillty of checking date dnt one mey have & baglis for evalugm
ving the reliablliity of ithe resuliz, In other cases there ig no
sufficient checking €aia or 1% has noi the necessary gualiiy. So,
although the resulis may have "sood appearance?, the only way of
making an evaluation of the resmltis guality is by "feslimg®, How
@Vexgcha@ging some factors , f{e.g. %o element size), different rTe
sults with the same Ygood appearance® may appear for anoither run,
Thne, admitiing that the compuiatlional system may gilve acecuraie re
sulis, it is essen®ial $0 use i1t in gzeh a vay thai those resulis
are reached, For tha’ purpose, it is obviounsly nacessary to know
the behaviour of the computational system as a funeiion of ithe
factors which may affect ithe acouracy of the solntion, A gualitg
Liwe analyaisg of thoge Tacitors ig moade In the folliowing sections,

Another aspect iz relnied jo what can he consgidered as an 0o

veraticnal compuiational gysiem for zimmnlating the 2low in estua~
riez, The abundant literaiture zhount numerioeal 2immliation of thab
&

phenomens makes possible for anyone wio has some asic preparation
and wheo has access 4o cemputer Ffacilitles, to build a computaticemal
gystem, with 1i%%le more work berond the copying of published pro
gr

that a2 lot of work must he done hefore ithose resuliis may be congi-

ans, Very soon one ean have rosulie wut im general one concludes

dered of good quality. BEven the uge of salready operating sysiems
by someeone whe <¢id net follew lis develonment siages ig & difficult
task which cosis in general & let of +time and work One may cone

2 B g



clnde that there ig a signiflcant difference dbaitween an onerational

et

i
gyetem and@l ite sofiware, Thait 4diffe -ance consists in the knoewledge
o
B2

am,

gm

of the behavionr of the sy= ch permiis %o reach accurate re
sulia and se that the aystem becomes a credible teol for =olving

esivarine problems,

4.5.,2 - Reselution of the digsersiizsiion

The reseluntion eof the discretization is related $to the desorip
ion of the characieristics of the demain , of the haunéary condi~
tions and of ithe phenomena which are zimnlated, That descripiion
et be accurate enough in space and time and iis acsouracy is rela
ted to the finlite element mesh desizn and to the time sien unse:d,
a) Besgolwution in apace

The mesh configuration must descrihe accourately the geomeiry
0f the esiunry (bhoitem and hanksz) and the flow, Thus the slement
gize musi e smaller where tiae geomeilry 18 more irregular and where
the characterisiics of the flow are more variable., The diserotiza
tion with Zinlte elements is & powerful tool for achieving thal pux
pose, However there are limitatliens Lo the yefipement ¢©f the mesh,
They arise Zrom compuier memory reguirsmentss, Zrom running cosis
and from computer oneration condliilions,

») Beselntion in time

-

Iin esivaries the time varistion of ithe itidal flow parameters
ig represerted by a curve whlch L. the mimplest onse ig almogd 8lie

nuseidesl, Thue, Ffor aoohieving & good
2

2
b=y

descriniion that variation,
Yhe minimum number of pointe stayse hetween 12 a2nd 15, This corres-
ronds fto 2 Lime-sien haiwesn 52 and 80 minutes for a gemi-dinrnal
tide, Hewever there are asstuaries where Lhe anpyes G282ribing the
variations o the phenomena, in splte 2 having the same nericd as
the tide, are no? sinwaeidal. In these onses 5 smallaer “ime=step
is meeded, I%s durailion Jepends on e irregularity of ithe mentig
ned ecurves, but o minimom of 10 4o 15 minmves willl in general e

a satiefactory time interval te desoribte ther 3sc&r&taiy. Ag L%
was s8ald concerning ithe regoluition Im 2pace thers are Limitailions
1o the time-step duratlion since fthe running timn snd cost isg pro
per-ieonal %0 428 pamher O0Ff iLime-gsteps mer run, Linitaiions may
alsce axisze frem coczmpaber eparation ~anditions,
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4.5,3 = Copzistency, stability and converrenoe

The method here used for solving the shallow waler equations

Iz an hybrid methed of finite sliement Iin gnace and finite diffew

,.,ef g

%,

rences in me. Yhen the T'BM iz mpplied 4o the @aua%ﬁens, theze

honome éwgéééém of erdinary differentinl equationsg: €0hd}ewi time
cerivatives which are %o he solved by » FDM, The Cr&ag—w cholson
method 18 used in this care and g0 the resultant finfite differencge

gquations are ceonsigtent with the ODE and 148 solution iz uncondi-

tlorally sitable and ceonvergenht. This meaps that tha itruncation error

0f the finite difference aguation fernds 4o zero wlith the time-step

<

L

duration {consistenecy), ithat numerlesl perturbations in the solu=
ticn are hounded {stability) aznd that the soluticon of the finii
¢ifference equation ftends to the soluiion of ithe ORI when the 4i-
me-step tends %o mereo, At this point ©only ihe behevicur of the finite
differonce sScheme nsgsed for ithe disereiization of +4he %ime domain

was mentionaed, The conclusion may be seen in the abundant literas
ture aboutd %tha subisci,

The other preblem comecerns ithe convergence of the Galerkin
method which was wsed for ipace disereilization of the partial dif
ferential ecouations! (ém \ 1% consighte in knowing 17 the seluticn
of the CDE tende ﬁar”%%@ sa$uaxou of the PDE when the =ize of the
elemenis tends 4o zere, This »nroblem was net analysed in this work,
However ome Xnows itha’ Loy - the shallow water -equations the sointion
neing the Galerkin method 18 comvergent and iz the hest approxinmam

£1
Hicn in a minimum sQuare sense: f

(1). MORPON, Ki{1980) - Introdmeiion to the theme "Finite Element
Vathol for Hype
i%e Element Metheod in Nop Linear Flnid Mechanies,

n
organized by the Commiitec on the Vee of Computers in Hydray

¥

holle Bauations¥ ip the International Collow

Lee and Water Resources of the IARE, Chatou, Frande, April
i
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CHAPTER 5

VERIFICATION OF THE COMPUTATIONAL SYSTEM

5.1 = INTRODUCTION

Several tests were made to experiment the computational sys
tem, In this chapter results for the following tests are presented:
- Uniform flow in a rectangular channel,

- Transient flow from rest to uniform In a rectangular channel
(cold-start).

- Non steady flow in a rectangular channel (standing wave),

- Tidal propagation in the Tagus Estuary.

During the tests, some computational problems came to .light.
These problems were related to the simultaneous use of triangular
and rectangular e¢lements and their origin was found only during
the tests with the Tagus estuary (see section 5,3,5), After sol-
ving those problems there was nel enough time for repeating all
the tests for presentation in this work. Thus only a few of them
were chosen,

5,2 -~ TESTS IN A RECTANGULAR CHANNEL

5.2.1 - The finite element mesh

For all the tests performed in a Yeetangular channel the
same finite element mesh was used, Only the dimension of the ele
ments was different for steady and non steady flow tests. The
mesh layout is shown in figure 5,1, It has 87 nodes and 22 ele-
ments (4 triangles and 18 rectangles), The sides of the elements
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are aligned with x and y direetiouns,

5 8 i3 6 21 4% 2% Jp 37 48 45 8  S3  S& &1 e+ 6% /2 77 8% @Y

4 12 28 28 3% PO 52 & 48 e S |96

a3 : lis 2z Jzv 90 los 30 Jao w2 s ss e aa lev 12650 las

2 V8 8 28 e 42 s8 N a6 7 75 |oe

i & s s 117 22 Jaz e 1o 8 Jan e a9 se lsv @ les 0 Ta e Jes
Fig. 5.1

5.2.2 ~ Uniform Plow in a rectangular channel

5.2,2.,1 - Ganeral conditions of the tests

Several tests were made for ithe gimulation of a uniform flow
in a rectangular chaonel, The results were compared with those ob
tained by Chézy formula, For the computation of the roughness coef
ficient C the Bazin's y parameter was used, The influence of the
walls was net considered and s¢ the hydraulic radius was taken e-
gual to the depth,

The channel is 2 Km long and has a constant inclination of
.0.,00015, The finite element mesh is shown in figure 5.1, The si
mulated flow has the following characteristics accordingly to Chézy
law:

- Depth H=3n
_ Chézy coeff. C = 70.71 w'/2/s
- Veloeity V = 1.50 m/s8 (left -—right)

The initial conditions used where of two types:
&) Cold-start ~ Zero velocities at all nodes and horizental water
level were assumed,
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b) Known initial conditions - The theoretical values of velocities
and depths were prescribed at the nodes,

At the ends of the channel water levels or normal velocities
were prescribed as boundary conditions,

Thegse tests were made as a simple first verification of the
computational behaviour of the system and of the bottom resistance
law used in the model, A verification for the Behaviour of the mo
del was also possible when using the cold-start conditions,

5.2.2.2 = Cold-start tesis

All these tests were made with the following boundary condi-
tions:
Left end - Constant depth equal to 3,00 meters
Right end -~ Depth varying linearl}y:from 3.30 to 3,00 meters during
a certain number of {time~steps, After that the depth
ig constant and equal to 3,00 meters,
The time-step (DT) and the number of time-steps used to reach
the 3 meters depth (N) at the right end of the channel were the fol
lowing for each testi:

TEST DT (see) N
CS1 50 15
cs2 200 4
C33 200 2
CsS4 400 2

For each test plots of velocities and level variations at 3
nodes are presented in figures 5.2 to 5.9. These nodes are at the
two ends and at the middle of the chanmnel, The results show that
for all the conditions used to start the run, the simulated flow
reaches the theoretical conditions given by Chézy formula, In e-
very case the final state of the flow is found around the same si
mulated time (about 3200 sec )., This shows a certain independence

LNEC - Proc., 64/13/5314 69
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of the flow evelution from the time-step used,after the boundary
conditiens reach their steady characteristics, The fluctuatifons
which can he seen in velocity and level curves depend obviously

of the smethness of the boundary conditions, This is shown by com
parison of the results of the teats CS2 and CS3 (figs. 5.4 to 5.7)
where the same time-~step was used, and also from the conparison of
teste CS3 and CS4 (figs. 5.6 to 5,9) with different time~step but
with the samé number of time-~stens to reach steady boundary condi-

tions,
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3.2.2.3 « Tests with known initial conditions

Three tests were carried out starting from the same known i
nitial conditions, All tests had a duration of 10 ¥vime-steps and
the boundary conditions were kepi comsitant, The time-step used
wag 400 sec. At each end of the channel only one boundary cendiw
tion was prescribed (normal velocity or water level), The initial
conditiong correspond ‘to ths theoretical values given by Chézy's
formula, that is, for all nodes the depth was 3,00 m and the vele
eity wag 1.50 m/s,

The boundary conditions at the leff and right ends of the
channel were the following gnes:

TEST B.C, LEFT B.C. RIGET
LL LEVEL LEVEL
Vv NOEMAY, VEL, NURMAL VEL,
Ly LEVEL NORMAL VEL;
VL NORMAL VEL, LEVEL

Yo

The results of the tests have shown almost constant values
of the velocities and depths along the channel, The maximum de-
viation from the theoretical walueg were of the order of 10'4m
for the depih and lo_ém/s for the velocities, Since no significa
tive plots can be made with the resulis, numerical values at nodes
3 (left end), 43 (middle) and 85 (right end) are presented in Ta-
bles 5.2,1 to 5,2.4.

The results show a good behavieur of the computational syse

tem for the very simple conditiens of steady flow in a rectangular
channel,
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5.2,3 = Non steady flow in a rectangular channsl

5.2,3,1 -~ Introduction

In this seetion the simulation of the propagation of a stan
ding wave im & reciangular channel with horizontal botitom and cle
sed at one end is presented a= a test of the computational system
with non steady flew comditions, The finite element mesh used was
the same used for wniform flow tesgiz {(see fig, 5.1). The channsl
iz ecloged at ite right end,

FPor the case of sitanding sinusoidal variation of the water
loevel at the enirance ¢f the channel a simple analytical solution
can be found fer a simplified mathematical model of the flow, This
medel is linear since neither convecilon nor bottom roughness ef-
fééﬁsmaée congidered and in the divergemce term of the continuity
eQuaﬁion, the depth is replaced by its mean value,

For a fercing function Zp=a sin wt at the entrance, the
solution is, (Wang and Cennor, 1975):

= a—~c0 ki X 11)sin wt
T eos ki AT

—ac . X
u=h v sin (M (T—— 1)) cos wt

where the variables have the following meaning:

=Y
i

semi amplitvde at the entrance
elevation above mean water level

t
L

h =~ mean water depth

lengdh ef the channel

é¢istance from the enirance of the channel
e=gh = celerity

w=2n/T- .-~ frequency {( T -~ period)

—

=
!

k=2n/L - wWave number (L - wave length)
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During the numerical simulation testis the convecotive and

roughness. terms were not. considered, Thus the only term which ma
kes different the analytical model and the mathematical model used
for the numeriecal simmlation is the divergence ierm of the conti-
nuity equation which i nen limear in the last one, Ip order to

minimize the non limear effects on the solution and sc to make the

comparisen of the resulis. meaningful, .only-small amplitudes were
used,

5.2.3.2 « Degeription of the tesis and results

The initial conditions and the bhoundary conditions at the o
pen end were calculated with the analytical model, The following
bounéary conditions were used:
~ zere normal velocity at the three walls,

- mero velocity at the “wo corners im the clesed end of the channel,
- water level or normal veleociiy at the open end,
The other characteristics of the tests were:

[ = 200 m
h = 4 m
a = Q,10m

T = 200 sec
Dt 25 sec (time-step)
The resulis of two tests are presented, The first one

was run with water levels as boundary cenditions at the epen end,
The resuléts are plotted in Tigures 5,20 %0 5.13 in 3 points of the
channel (entrance, middle and closed end), They show a good agree
ment betwenn the computed and analytical solutlon, In the veleoci
ty curves small differences appear, The results of this first test
may be compared with those precenied by Wang and Connor (1975) for
a test made under the same condliiions except the finite element
mesh which in that case was compesed of linear iriangles,

In the two following tables the two last digiits of Wang and
Connor results are presented heitween brackets,
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Comparigon of levels

x Analytical t+ = 300s t = 600s t = 900s t = 12008

0 + 0.1 - 0,1 0,1 - 0.1 0.1

100 % 0,1044 ~ 0.1046(47) 0,1042(42) - 0,1046(45) 0.,1043(46)

200 00,1059 - 0.1061(63) 0,1058(568) = 0,1062(61) 0,1058(56)
Comparison of veleocities

x Analytical ¢t = 15Qsa t = £508 1t = 7B0s t = 10580s

£ 0,05440 - 0.05460(66) 0.,05487(46) ~ 0,05465(31) 0,05473(17)
100 £ 0,02759 - 0,02770(81L) 0.02785(72) - 0,02785(51) 0,02801(49)
200 0 O o 0 0

For the second test normal velocities were used as boundary
condition at the entrance, The results of the simnlation and of
the analyitical model are ploited in figures 5,14 %o 5.17. As in
the first test they show a good agreemanti between the two models,
In this cases small differemces in level curves eccur while the ve
loeclty curves at the middle of the chaunnel cannot he distinguished
(fig. 5.17),

The conclusion Zrom these tests ig that for the simple condi
tlons in which ithey were performed, that is, without non linear
terms in the momenium equations and fer smell amplitudes the rew
sults agree with thome of the correspenient analytical linear mo-

ﬂ§e1.  Theae canezuﬁﬁéﬁé'must not be lighitly generaliszed since other
conditions must be experienced im order te change the time-step

and the number of elements per wave lengith, The results of such
tests will met always be so good as those presented here and they
may be useful for estimating the limitations of model in what con
cerns the diseretizatiom parameters to be used for the simulation
in actual circumstances,
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5.3 - APPLIGATION OF THE COMPUTATIONAL SYSTEM TO AN ACTUAL ESTUARY
- THE TAGUS =

5.3.1 - Introduction

For the verification of the sysiem working with acutal condji
tions the Tagus estuary was chosen, It has a compligated geometiry
and thus it is a good test for the system, The sea limit of the
simulation domain was located at a line which starts near Cascais
and ends in Caparica beach following approximatively the bathyme-
tric - 30 m, The upper limit was located at the cross section of
the estuary in Vila Franca de XirdSBridge. At this section the es
tnary has already almost one dimensional characteristic., 1In fig,
5.18 an hydrographic survey of the estuary is shown with the defi
nition ef the boundaries of the simulation domain, This one is ve
ry simplified when compared with the actual geomeiry., This is jus
tified by the following reasons: 4
a) The Tagus estuary has a large area or tidal flats., A large part

of its whole area is dry during part od the tidal cycle, The
algorithms which make pessible to simulate the flow in tidal
flats are not yet implemented in the computational system, Thus
the limits of the estuary in these areas were chosen in a some-
what arbitrary way.

b) The estuary has some narrow channels between its margins and the
islapnds which exist in it ("Mouchdes"), There are also .some
estuary branches in the Southern margin (Seixal, Montijo, Alco-
chete)}, The discretization of thesze parts of the estuary must
be made in such a way that, at least two elements exist hetween
the two margins in order to avoid numerical troubles,

The complete representation of the estuary would lead to a lar
ge number of nodes and elements and to a large bandwidth of the |
global matrix, With the present capacity and operating coendi-
tions of the available computer facilities it should be diffie
cult to have results in time without a complete alteration of
the programs which must be done alter this work,

LNEC - Proc, 64/13/5314 g5



It is difficult to say how the simplifications made influep
ce the tesults without a previous study. However it was expected
that the results of the simulation should agree with available com
parison data, at least in such a way that the suitability ef the
computational sgstem for these kind of studies could be proved,

5.,3,2 = The finite element mesh

For the space discretization of the simulatien domain, a mesh
with quadrilateral and triangular isoparametiric elements was used
(figs, 5.19 to 5.23). The densily of elementis and the location of
the nodes were chosen as a function of the complexity of the bottom
topography and of the boundary geometry. However some simplifica-
tions were accepted in order to avoid a large bandwidth of the glo
bal matrix, The mesh has 203 elements, 695 nodes and the corres-
ponding bandwidth is 177,

The geometric data used was extracted from hydregraphic sur
vey charts from the Hydrographie Institui with scales 1:50000 and
1:25000, The bathymetry used for the simulation is shown in fig,
5.24.

5.3,3 = Beundary conditions

For the computatioens, which results are here presented, the
following boundary conditions were used:
- Zero normal velocities at solid boundaries,
- levels at the epen boundaries,

The tidal curves used at the open boundarkes were obtained
by harmonic synthesis at the Hydrographic Institut and correspond

to a mean tide,

5.3.,4 -~ Comparison data

Fer the calibration stage, the tidal curves at several points
in the egtuary obtained by barmenic synthesis were used,
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5.3.5 - Remarks about the tests in the Tagus estuary

Some problems came to light during the application of the
computational system to ihe Tagus estuary, The first one was sol
ved but it seems useful to present it here,

The first results have showh growing_1g§353i15§§g§ﬁwhich ap
peared in several areas of the estuary, The amplitude of those
instabilities grew up until tbe water surface reachad the botiom
and then the computation was stopped. Some trials were made to a
void those instabilities such as filtering of the solutien for each
time-step, element averaging of convective terms, regularization
and simplification of the bottom topography and alteration on the
mesh density, Results from a complete tidal cy®le were obtained,
However 1ts quality was not acceptable. Besides, the improvement
of that quality had not a legical relation to the alterations made,

The explanation was found &n a somewhat hazardeus way and it
is the following one, The integrals used during the computations
(see expressions 3,64 in section 3.,4,.4.4) are calculated msing
Gausg + formula for numerical integration, Tables with the coordi
nates and weights of the integration points exist in several pu-
blications from which the one of Zienkiewicz (1977) was used, When
only one type of elements is used the values of those tables give
good resulis., However when itriangles and quadrilaterals are used
simultaneously such as in this case, the weighis given for the in
tegration points in triangles must be divided by two, &8 it is in
the table given by Connor and Brebbia (1976f?wyk;?:;wthe necesgary
corrections the results appeared without problems of instabilities,

Another problem is related to the data used for comparison
of the results, The available data came from the Hydrographic Ing
titut (tidal curves obtained by harmonic synthesis) and from mea-
aurements in the physical model, The calibration of the physical
model was made using tidal curves actually measured in nature,

The comparison of the two data sets shows some discrepancies
in what concerns the shape of the curves in the upper part of ithe
estuary, and the tidal lags along the estvary, High and low water
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levels as well do not agree 1in the upper part of the estuary, Ob
vieusly for a correst use of the computational system a previous
study of the data is necessary for choosing cerrect boundary condi
tiens and comparisen data,

The last problem arises from the simplifications of the es«
tuary topography. It is known that for obtaining good results
with numerical simulation a correet representation of the estuary
geometry must be used, As it was said before that geometiry was
simplified in order to avoid very large bandwidths of the global
matrix, Besides, it was not possible to vorrect the bathymetry of
the estuary between the middle o¢f the channel and the upstream
boundary, as it was expected to do for the last tests here presen
ted, That bathymetry had been simplified before because of the
problems pointed out in the beginning of this section.

The conclusion of these remarks is that it was not possible
to make a complete calibration of the Tagus model, which is only
possible after the correction of its topography and with the use
of cerrect data as boundary conditions,

During the last tests two alterations were made in the mathe
matical model related to its bottom roughness term, The first was
the replacement of the Chezy C by the Mannlng-Strlcker Ks. The se

i T SR s T
et

W
cond was the use of different values of Ks for ebb and flow conditions.
-2 e A 8

This last alteration seems to bé“?éallst1curbr estuaries and gives
more freedom during the adjustment operations,

5.3.6 - Calibration results

The calibration tests which results are presented here were

made with the following boundary conditioms:

Sea boundary - A cyeclic water level condition with a period of
" 12.5 hours and an amplitude of 2,16 meters, This tide corresponds
. to a mean tlgg in Cascais obtained by harmonic synthesis,
1 Upper boundé}y -~ The tidal cyecle in Vila Franca de Xira which cexr
é responds to the ene used in Cascais was prescribed at the upper
:

| section of the simulation domain.Its amplitude is 2,74 meters,

i

3
e b

LI ey ’ o / - A - ¢
L,j 3 .{f;.1 =30 s a4 if’z — (é ;')\5; (!

I

AR N X T
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The cold start was used for the first runs, after what the
results of each run were used as initial conditions for the follg
wing ones, When using the cold start with high water level con-
ditiens the results of the simulation have shown that after the
first half-tide the results are repeated for the fellowing cycles,

During the first tests a 50 minute time-step was used, The
comparison with the resulis obtained with a time step of 25 minute
havs shown a good colncidence., However in the first case it was
net pessible to make a good geometric description of the tidal cur
ves and so the time step of 25 min was used for all the following
tests,

For the reasons pointed out in 5.3.5 a complete adjustment
of the tidal curves was not achieved with the tests executed until
now, The tidal curves for two calibration tests are presented at
the following comparison points:

CASCAIS (Node 1) ~ Fig, 5.25
PACO DE ARCOS (Node 105) - Fig, 5.26
PEDROUCOS (Node 176) - Fig, 5,27
LISBON (Node 250) - Fig, 5.28
CABO RUIVO (Node 344) - Fig. 5,28
PONTA DA ERVA (approximately) (Node 527) - Fig. 5.30
VILA FRANCA DE XIRA (Node 693) - Fig. 5,31

In the same plots the computed x velocities are presented,
Since Ponta de Erva is out of the simulation demain it is compa-
red with node 527 only for having an approximate measure of the ?
phase lag. The comparison of the obtained results with the cur

ves obtained by harmonic synthesis shows that:
a) The main differences appear in the phase lags for the points 1o

cated upstream the middle of the Tagus channel,

b) These differences are larger for the low water than for the high
water,

¢) The computed low water level is above the predicted one in the
upper part of the estuary,

d) The velocities at V,F.de Xira are always directed towards the
interier of the simulation domain,

e) Some imstabilities appear in the lower part of the estuary {Pa
¢o de Arces and Pedrougos),

LNEC - Proc. 64/13/5314 g9



The points a), b), ¢) and d) suggest that the geometry and
bathymetry in the upper part of the estuary must be impreved to ha
ve better results, However, in some previous tests made with dif
ferent boundary conditions measured in the physical model (normal
velocities at V.F.de Xira and levels at the open'sea), a better ad
justment was achieved for the tidal curve at Cabo Ruivo, This was
the only peint where a suitable comparison curve exisis in the area
not affected by the geometry simplifications, Thus one may cenclu
de that besides the improvement of the geometry and bathymetry of
the model, the use of reliable data is fundamental for achieving
the calibration of the model,

The point e) deserves also some aditiomal remarks, How it
can be seen in figs 5.26 and 5,27 the instabilities are smaller
for the run 7 than for the run 8, They appear for small walues of
Ks, The increasing of bottom roughness causes the rising of ing-
tabilities at each node and a node to node instability, This can
be seen in a free surface profile along the Nerthern bank of the
estuary (fig. 5.32). For the run 8 small values of Ks were used
in the channel zome, For the run 7 these values were larger in
that zone but were smaller in the upper part of the domain, The no
de 6 node 1evel fluctuations disappear in the lower part of the

estuary but appeared in its upper zone, Brebbia and Partridge (1976)
in a model study for the North Sea noticed the existence of such
node to node level fluctuations and suggest the use of filtering
for avoiding that problem, However those authors have used very
small Chezy coefficients(15 m1/2 5—1
¥ of about‘gﬁf QQQ

From these facts it seems reasonable to conclude that the u
se ot physically inceorrect roughness in the numerical simulation
may lead to numerical instabilities, The filtering of the solution
may avoid those troubles, However it is more realistic to think
that theose instabilities correspond to 'incorrect conditions and so
these ones must be altered, until a good solutioen is reached. This
selution is very prebably bevter than the filtered one,

Another aspect of the selution which is shown is the veloci

} to which correspond a Bazin's
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ty field along the tidal ecycle, For the case of the Tagus 1t is
difficult to show the velocity field for the whole domain in a fi
gure because the range of the velocities is to large to be shown
with only one velocity vector scale (fig. 5,33), In figures 5,34
to 5,54 the veloecity field along the tidal cycle(l)is shown for
the area of the estuary downsiream Lisbon, From the analysis of
those figures it becomes apparent that the velocities in the chég
nel are greater than it is expected., This may be explained by the
errors which appear in the tidal phase for the nodes located up-
stream the middle of the channel,

The same remarks made before about the data used and about
the simplifications made on the geomeiry and on the bathymetry may
be used concerning. these results.

Some qualitative espects of the results deserve some attention,.
One is that in spite of the geometry simplifications and of doubts
about the data used it was possible to appreoximate the high water
levels. The other is that the simulated circulation pattern in
the channel and entrance of the estuary is realistic and agrees
qualitatively with the flow observed in the physieal model,

5.4, CONCLUSIGNS

The results of the tests with the computational system for
simple flows shew a good agreement with the expected results, The
application to an actual’ estuary was not a complete test since the
simplifications made during that study and the data used made not
possible a total calibration of the model, However from a quali-
tative analysis of the results one may conclude that it is possible
to achieve that calibration aX¥ter corfection of the geometry and a
careful choice of the data used as boundary cenditions and for com
parison of the results, During these tests the importance of the
data quality and of a careful geometric representation of the es=-
tuary became apparent, p

(1), The figures 5,.,33.to 5.54 concern the run 8,
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CHAPTER 6

CONCLUSIONS AND REMARKS ON FUTURE WORK

6.1 = CONCLUSLONS

The main goal ©f this work was the development ef a computa
tional system which might be used as a reliable toel for enginees-
ring studies of estuaries, That goal was achieved with the limita
tions which are pointed out through the work., The main limita~
tione of the computational system are:

a) The water demnsity is considered comstant for all the mass ef wa
ter inside the estuary,

b) The flow equatiens are vertically integrated over the water depth
and 80 the description of the flow is made at each peint through
the mean horizontal velocity ever the vertical ef that point,

¢) The geometry of the wet demain is considered constant aleng the
tidal cycle, Thus the flow in tidal flats cannot be simulated,

The suitability of the use of numerical simulatien for hydre
dynamic studles 1n estuaries was not specially emphasized through
out the work since the experience in many countries prove $t, How
ever experis#nce shows also that it is very impertant that ithis teol
be very carefully used, that is, with the conscience of the limita
tions of the mathematical models used and of the behaviour of the
computational systems, From the point of view of the quality of
the results this is more important than the cheice of the numerical
technique to use, In fact, both finite difference and finite ele
ment method are no more than mathematieal tocls which have been u
sed successfully for solving differemcial equations in several
fields of science and engineering,

Another aspect of the use of numerical simulation, which: im -
pertancé betame apparent in this work, is related to the data used,
On one hand it is necessary that the geometry and bathymetry of the
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estuary should be sufficiently well described by the discretization
mesh, On the other hand the data used as boundary conditions and
for cémparison of results wust have good guality, Im fact this
guality upperlimits the guality of the results,

The interpretation of. the resulis is an important part of
any simmlation study, Since the simulation is a process which u
ses approximate metheds to solve simplified egquations of the flew
in & discretized domain, their results mmst not be seen as the fi-
nal product of the study. Only a careful analysis and interpreta-
tien of those resulis makes them useful for actual applications,

Thege last remarks on the quality ef data and on the inter-
pretation of resultis lead directly te the necessity of knewing
the flow characteristics of ithe estuary actually being studied and,
more generally, the physics of the estuarine circulation,

6,2, REMARKS ON THE FUTURE WORK

. Numerical simulation may be applied to the several sciep
tific areas which are related to estuarine phenomena, For that,
hydredynanic models supply the necessary flow parameters which are
used as input data for simulation ef other phemomena, Thus the de
velopment of reliable and suitable hydrodynamic*compuiatiopal sys-
tems is an impertant bésis for the study of ether estuarine pheno-
mena,

The study which started with this wo'rk may continue in seve-
ral ways that, at least partially, may be followed in parallel,
They are related te the improvement of the present computational
syetem and 1ts extension to more complex flow simunlation and to
non flew problems, 1In any case, the following work must be made
on the actual configuratién of the computational system:

- Improvement of the efficiency of the system

The computer programs may become more efficient in what cen
cerng running time and core memory used, For that 1t is necessa-
ry to rewrite thre main program ef the system, in such a way that
the implementation~ef a new algorithm te selve the system of egua
tiens becomes possible,
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- Implementation of new numerical facilities

This peint is maiply related tc the possibility of. using e-
ther types of finite elements and other time~integration schemes,
- Study ef the behaviour of the system

The study of the behaviour of the selution of the computatie
nal system for different types e¢f elements and tlme integration

schemes, fellowing theoretical and experimental ways is an lmpor=
tant stage for the development of -fwbure models. In particular,
the study of the possible advantages of using explicit schemes for
time integration must be investigated,
« Simulation e¢f the flow in tidal flats

In many estuaries (e.g, the Tagus and the Sade) the area of
the tidal flats is an important part of the whele estuary area.

The implementation of an algorithm which makes possible to censider
the existence of such areas is important since a more cémplete and
correct simulatien of the flew becomes possible,

The extension of the eapacity of the computational asystem
for solving different problems must be defined threugh the knowled
ge of the needs of LNEC in the field of estuaries imn accordance
with the availability of investigation personnel, Two possible
ways are here presented: ,

- Simulation of non hemogeneous flews

A possible extension of the mathematical model used in the

present cemputatilonal system is related to the simulatien of non

homogeneous flows, Differences of water density may be considered
in such models through the schematization of the Ilow in iwo or mo
re homogeneous layers, The equations of the flow are vertically
integrated oever the thickness of each layer and compatibilitiy con
ditions are used at the interface eof each two layers, These type
of models is useful for salinity apnd water quality studies,

- Devslepment of water guality«medels

For the simulation of water quality in estuaries the knowled
ge of their hydredynamics i8 necessary, These hydrodynamic data
may serve as input for studies where the alterations of the water
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composition do not affect the flow pattern significantly. The Bo
Jutien of water quality mathematical models may be basedon the sa
me numerical techniques as those used in the present work, and se
the sxtension ef the present computational gystem to seolve such
preblems is a continuatlon ef the hydrodynamic studies,

0 Assistente de Investigacgae

Pedre Manuel P, Leal Figueira
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APPENDIX

GENERAL EQUATIONS OF THE FLOW

1 = CONTINUITY EQUATION
1,1 - General case

The contipuity equation is derived
S from the principle of mass conser-
X3 cij::;zj vation applied to an arbitrary ve-
lume V fixed in a flow. The volume
V is limited by vhe surface S with
exterior normal unit vector m,
From that principle it follows that
if there is no creation er destruc-
tion of matter inside V, the rate

¢ef change o1 the mass stored in V is equal to the net mass flow
that enters V through S, that is '

X

Xz

ffﬁdV=_{FMﬁdS { 1)
. Ot s )
where u is the instantanmeous velocity vector at a point of the

flow and p is the density of the fluid,

The second member of ( 1 ) can be written (Ostregadski-gGaugs
Theorem)

—jwﬁﬁzmijMNV ( 2)
Substitution of ( 2 ) in ( 1 ) yields

J‘ (Z—f+div (pﬁ)) dv=20 ( 3)
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Sinoce the velume V is arbitrary the integrand ef ( 3 ) is i
(4)

dentically zere, that is
op o

P +div (pit)=0
(5)

The divergence term of ( 4 ) may be written
ap Su;

PR
div (pu)mg (pw)=u; TP

where u, (i =1, 2, 3) are the components ef the instantaneous ve

locity vector, and the summing cenvention is used,

Spbetituting ( 5 ) in ( 4 ) yields

op ép Bu;
Ut p =
ox; P 0x;

(6)

er
dp
P—_—-

The equations {( 4 ) and ( 6 ) are two usual general forms of

the continuity equatien,

1,2 - Contipuity for liquids
It is generally assumed that for liguids the density is comng

This assumption introduces eone important simplificatien in

equation, because in that case
(1)

tant,

the continulity
dp

Ay

dt

(8)

and the continuity equatien ( 6 ) becomes
(i=1.2,3)

ou;
0

ox;

Accepting that the demsity for an homogenedus fluld flew
with the same temperature in every polnt is censtant, 18 equivalent
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to accepting its incompressibility, However for an esiuary the
fluid is not homogeneous and the temperature varies frem point teo
point in the flow, The density is a function ef pressure, salini
ty and temperature, Thus

o= p(p(r), s(t), ()

and

dp 0Opdp dpds 0pd
Ao di AT E (9)

Statement ( 7 ) is then equivalent te accepting that the liquid
is incompressible and that its density variations with salinity and
temparature can be neglected, For that it is necessary to inveke a
Boussinesq type approximation, which states that time and spatial
variations in density may be neglected except in terms in which
they are multiplied by gravity (Phillips, 1977).

With thig approximation, equation ( 8 ) is a good ftepresenta
tion of the principle of mass conservatien for estuaries,

1.3 - Continuity fer turbulent liguid flow

In a turbulent flow the component u; of the instantaneous ve
locity vector at a point may be considered as the sum of its mean
value over a time interval A: with a fluctuatien areund that mean
value, that is

= <> ( 10 )
where

At ),

and A:r is such that <u’> =0 and that <uy> can deseribe accura
tely. the time evolution ef the flow. Substituting ( 10 ) into
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( 8 ), ylelds

d . © & .
&',T(<”">+“")“ax,. <u,.>+£_bCi u; =0 ( 11 )

Taking the mean ever A: for the terms of ( 11 ) one gets

< 0 <U> >+ < o ut > =0
53(,- i 5x,- i - ( 12 )
but
i 8 J
< = KU > = YD > = <UD
Oxl' X; i
and
J 4 +
<—u >=0— <y >=0
GX:

Thus\( 12 ) becomes

G -
5;;;<u,~>=0 (i=123) ( 13 )

Equatien ( 13 ) represents the principle of mass conserva-
tien for the iturbulent flow of a liquid with the appreximation as«
sumed in 1,2,

2 - MOMENTUM EQUATIONS

2.1 - General case

The momentum equations are derived from the principle of mo
mentum conservation applied to an arbitrary velume V fixed in a
flew, limited by a surface S with exterior normal unit vector n.
That principle states that the rate of change of momentum inside
V is the sum of the net rate of flow of momentum that enters V
threugh S with the sum ef the extermal forces actinmg on V.
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The mementum flows into and out ef the velume V by twe mecha
pisms: by convection, associated with the mass that flows threugh
S and by molecular transter(lz associated with velocity gradients
that cause momentum exchanges between adjacent particles of fluid.
To determine the flow of mementum
through S by cenvectien, let P be
a point o S where the flow veloci
ty is u, The xy component of me~
mentum per unit velume is pu;, The
velume rate of flow that enters V
per unit area at point P is -un ,

Thus the rate of flow of the x5 component of momentum per u
nit area is —puun . For the whole surface S that rate of
flow 1is

—f puiiii dS (14 )
Applying the Ostrogadski~Gauss theorem to ( 14 ) it becomes
. _ d .
—:{dw(p%Mde—i[E;{pww)dV {i=1,23) ( 15 )

Now let 7; be the rate of flow per unit area of the xy com-
ponent of momentum conveyed by molecular transfer in the > 31 direc
tion, at point P of S, Thus the part of that rate of flow that
enters V is -—r1,%.4 . For the whole surface it follows that

d

—.[ T, 8.7 dS= —J div (t;; &) dV= —J o T dV (i=1,2,3) ( 16 )
5 3 v OXi

(1), In general the molecular transfer mechanism is treated as a
tangential stress between two adjacent layers and in the deri
vation of the momentum equations it appears in the terms of
external ferces, This ig admissible for laminar flows, but it
is net comnsistent with the structure of the turbulent flews,
However, as a consequence  of the complexity of these flews,
the molecular transfer ef momentum is assimilated te a tangen
tial stress (Reynold's turbulent stress),
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The external forces acting on V are pressure and mass forces,

The pressure at a point P of S is p , The sum of the pressu
re forces per unit area in P 18 —ph and its xJ compenent 1s —pé;n .

Thus the xJ component of the sum of the pressure forces ever
the whole surface is

—jpaj.ﬁdhmj di\’@éj)de—JﬂdV ( 17 )
s v vaxj

If pX; is the x; cemponent of the sum of the mass forces per
unit velume V,. fo¥ the whole volume V that compenent is

prjdv ( 18 )

Applying the principle of momentum comservation te its Xy
component and considering the expressiens ( 14 ) te ( 18 ), it fol
lows that '

7 ¢ é ap
JIEE (puyy dVe= —Jy(ﬁ (puju,-)+-é}: ‘r,-j+a—p Xj) dV=10

J

or
g d 0 ap
- 3 - Q. PR— .. —— — ., — .= 19
.L(&(mw+6n(mud+am1”+6% pLXJdV 0 (i=1,2,3) ( )

Since the velume V was arbitrarily chosen, the integrand of
( 19 ) is identically zero, that is

¢ é 0 op
E(P“j)+£:(Puj“i)+E; Tij"’a".o X;=0 ( 20 )

i J

Equation ( 20 ) represents the general form of the principle
of conservation of momentum for a liquid.

2,2 -~ Momentum conservation for NeWionian Liquids

For fluids that follew Newten's Law of viscesity, the rate
of flew per unit area of the xJ component of the momentum conveyed
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by molecular transfer in the . direction is
rym—p (i 2, 2 (P4
9T T \ex, Tex ) T3 o, ) O ( 21)

where ; 18 a coefficient of momentum transfer (dynamic viscesity
ceefficient) and §; is the Kremecker delta,

If p is constant the last bermref-( 2F ) 487zero (centinuj
ty equation), Considering that p 1is also constant, it follows
that

<0

Ty 0 6u£+5uj_ ¢ [éu; &*u;
o, Mok \ax, Tex) " Mok \ax,) T axax (22)
(i=1,2,3)

But, by continuity

d (814,-) é (éu,-)
— = |== R — mo
ox; \du; ) dx; \&x;

Thus

L= —pu V2 ( 23 )

Substituting ( 23 )} into ( 20 ) yields

é ¢ _ ~op 5
E(puj)—’_@—xi (puu;)= ——a—xj-i-,u Véu;+p X; ( 24 )
This equatien represenis the primneciple of momentum comnserva
tion for the flow of a Eewionian fluld assuming that masse conser-
vation is well represented by the centinuity equation in the form
du;

ax, 0

2,3 = Turbulent flew of Newiernian Liguids

With the notation introduced in section 1,2 of this appendix,
the instantaneous velocity, pressure and density may be expressed
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by
+
%=<%>+%
p=<p>+p*

( 25 )
p=<p>+p*

Admitting thatp*=0, equation ( 24 ) may be written

0 0 0 0 d 0
5 P <>t p<u;> <ui>)+~—w(puf)+5~;c-:(p<uj>u?)+a—x(puf' <u>)+— (pu} ui)=

ox; ot A dx;

] 8 : ( 28)
=5 <P7E ptp Vi<u> +p Vil +p X, (=123

7

Taking the mean over Ar fer the terms of ( 26 ) yields after
some algebra

d é 4 + .+ _ é 2
E(p<uj>)+~é~£:(p<ui> <u_,->)-§~é—;:(p<u,- ut >)= 5»;;<p> +u V<> +p X, : ( 27)
The term p<u'u/> whose derivative appears in ( 27 ) is asso
ciated with the turbulent fluctuations ef the velocity and may be
considered as a xJ component of momentum rate of flow per unit a-
rea in the x4 direction, Usually it appears with the name of Rey-

nold stress and with the notation

Ty=p <u; uf >

Difficulties in the .quantification of ¢ arise from the na-
tural complexity of turbulence, Usually that quantificatien is ma
de by analogy with Newton's law of viécosity by wmeans of an expres

sion like

3 d ,
T = il — <> +— <u,> | §;
Y k; s (ax,. ! 0x; I ) i . !
1
/

v ‘)
where . 18 a coefficient of turbulent momentum molecular transfer

(eddy %isc@sity). This coefficient is mot a physical characteris-
tic ef the fluid like the Newtonian viscosity coefficient, It is
apisetropic since it depends en the local structure of the flow,
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