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Abstract: Circular/spherical rigid particle models that were initially applied to rock fracture studies 
were not able to match the ratio of the compressive strength to tensile strength that occurs in rock. 
In addition, the predicted macroscopic friction angle was much lower than the known hard rock 
experimental values. Several enhancements have been proposed to address these issues, namely 
the use of a clumped particle logic or the adoption of polygonal/polyhedral grain structures, either 
rigid or flexible. In this work, a flexible 2D DEM based particle model (PM) that allows deformable 
particles to interact in a simplified way is presented. The proposed flexible PM model keeps the 
contact interaction simplicity and the reduced computational costs characteristic of circular rigid 
particle models. The PM model is tested using biaxial tests and Brazilian tests. A discussion re-
garding the influence of the grain deformability on the macroscopic elastic and strength response is 
presented. It is shown that, when compared with a rigid model, the proposed flexible PM model 
predicts more reasonable indirect tensile strength to direct tensile strength ratio and requires a 
smaller value of contact fracture energy to give a good agreement with known experimental data. 
It is also shown that the proposed flexible PM model can predict a behaviour similar to that ob-
tained using a flexible PM model through inner particle discretization that is more computationally 
demanding. 
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1. Introduction 
Rigid particle models (PM), circular or spherical, have been developed for fracture 

studies of quasi-brittle material such as rock [1,2] and have been shown to be able to 
predict the observed rock complex macroscopic behaviour, namely under uniaxial com-
pression. Rigid PM models are able to predict the global behavior of quasi-brittle mac-
ro-material, such as concrete or rock, using simple interaction laws, by taking directly 
into consideration the physical interaction mechanisms and the influence of the grain 
structure. With this approach, the development of cracks and rupture surfaces appears 
naturally as part of the simulation process given its discrete nature; those surfaces are 
known to be difficult to characterize with a traditional continuum approach. 

Initially, the proposed circular/spherical rigid PM models, known as the BPM model 
[2], were not able to match the ratio of the compressive strength to tensile strength that 
occurs in rock and the predicted macroscopic friction angle was much lower than the 
known hard rock experimental values. For this reason, several enhancements have been 
proposed in both 2D and 3D to address these issues. One of the initial approaches was to 
adopt more complex grain shapes represented by rigid circular particle clusters [3]. More 
recently, a similar approach has been adopted in 3D; using a cluster of spherical particles 
to represent the grains, the clusters are generated in order to mimic the real growth pro-
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cess of minerals [4]. Grain based models adopting deformable circular particle clusters 
have also been proposed to represent the grains [5]. Within this type of models, a flat joint 
model has been proposed in order to mimic smooth boundaries with particle clusters [6]. 
The grain-based approach has been mainly adopted in 2D modelling [7] due to the 
computational costs associated with the contacts located within the flexible grain particle 
clusters. The advantage of these models, based on circular or spherical clusters, is that 
they keep the highly efficient contact detection procedures associated with circular and 
spherical shapes. 

Other authors have tried to tackle the initial issues by increasing the number of 
contacts per particle using different approaches [8–10]. These types of models that adopt 
single circular or spherical particles to represent the grains have computational ad-
vantages, namely in 3D modelling, when compared with the grain-based approach [4]. A 
grain-based approach using polygonal shape rigid grains, based on Voronoi diagrams, 
has also been pursued [11,12] using UDEC based discrete element software [13]. A rigid 
PM model that takes into account the effect of polygonal shape particles but still keeps 
the simplicity of circular particle models and does not require a significant increase in the 
computational effort has also been proposed [14]. 

Polygonal or polyhedral grain models based on Voronoi tessellations, where the 
grain deformability is due to the grain inner adopted finite element mesh, have also been 
proposed to better simulate rock behaviour [15–19]. When compared with circular or 
spherical models, polygonal or polyhedral models, in spite of being a more realistic rep-
resentation of the grains, are known to be much more computationally demanding due to 
the required contact detection procedures. 

As pointed out in Ref. [15], a PM model, either rigid or flexible, should be able to 
predict the rock complex macroscopic response under any state of stress (compressive, 
tensile, and shear) with the same set of parameters. The performance of the PM models in 
2D and 3D needs to be further improved, especially in 3D, where rigid spherical PM 
models predict in uniaxial compression a too brittle response with two distinct slopes in 
the pre-peak region [9]. It is also important to point out that 2D modelling is still relevant 
especially if PM models are applied to large scale analysis of rock slopes or rock joints 
[20,21] given that 3D PM modeling is still extremely computationally demanding. 

In the study presented here, a flexible PM model is proposed that considers the par-
ticle deformability by adopting in each grain, Voronoi Cell, an inner finite element mesh 
(triangles). In order to keep the contact interaction simplicity and the reduced computa-
tional costs characteristic of circular rigid particle PM models, the contact interaction is 
approximated as if the grains are rigid and circular, as previously proposed in [14] for a 
rigid contact model. The proposed flexible PM model is shown to be computationally less 
demanding than an equivalent flexible PM model, where the flexibility is given by an 
inner particle discretization, similar to that proposed in [4,5], with the advantage of being 
a better representation of the smooth boundaries of a grain simulated by a Voronoi cell. It 
is also shown that the proposed flexible PM model has a computational cost eight times 
higher than that of an equivalent rigid PM model. For some set of parameters, a flexible 
PM model does not require the calibration of the elastic contact parameters which is an 
advantage compared to a rigid PM model. 

When compared with polygonal based flexible models [11], the proposed model, by 
keeping the highly efficient contact detection procedures associated with circular shapes, 
has lower associated computational costs. In the proposed flexible PM model, a softening 
contact model is adopted, making it able to predict a correct direct tensile to indirect 
tensile strength ratio, which is not possible to obtain with a brittle contact model, which is 
the contact model usually adopted in PM simulations. 

The proposed flexible PM model is tested using biaxial tests and Brazilian tests of a 
hard rock. A discussion regarding the influence of grain deformability on the macro-
scopic elastic and strength response is presented. The same particle assemblies are com-
pared, with flexible grains, following the proposed model, and with rigid grains, fol-
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lowing the model proposed in [14]. Studies previously presented by other authors either 
considered the particles rigid or deformable, but, in our knowledge, a comparative as-
sessment of the influence of deformability on the macroscopic response using similar 
particle assemblies has not yet been assessed, and thus it is an original contribution of the 
research work presented here. 

The presented results show that, by considering the particle deformability, the pre-
dicted macroscopic response is slightly different and the contact strength parameters 
need to be adjusted. A strength calibration procedure is also carried out clearly showing 
that the flexible PM model is more sensitive than a rigid PM model to some of the 
strength parameters’ variations. In particular, the fracture energy in a rigid PM model 
needs to be further increased. It is shown that, when compared with a rigid PM model, 
the proposed flexible PM model predicts more reasonable indirect tensile strength to di-
rect tensile strength ratio and requires a smaller value of contact fracture energy to give a 
good agreement with known experimental data. Finally, the calibrated flexible PM model 
is shown to give a good agreement with known experimental data of a hard granitic rock 
and with a polygonal flexible based PM model that adopts complex polygonal contact 
interactions [13,15]. 

2. Flexible Particle Model 
2.1. Main Characterisitics 

The proposed flexible PM model follows an explicit solution algorithm based on the 
centred difference method [22]. The adopted flexible contact interaction is an extension of 
the rigid contact model proposed in [14], which takes into account, in an approximate 
way, the grain polygonal shape. Similar to the rigid contact model [14], the contact loca-
tion and the contact unit normal are defined as if the grains have a circular shape and are 
rigid, and the contact is initially located at the corresponding Laguerre Voronoi edge. The 
main difference compared to the rigid contact model proposed in [14] is that, in the 
flexible PM model, the contact relative velocity and the force transfer, from the contact 
location to the grains, need to include the grains’ inner FEM discretization. 

The proposed flexible particle model keeps the essential characteristics of a DEM 
based model, which are the ability to include finite displacements and rotations, includ-
ing complete detachment, and to recognize new contacts as the calculation progresses. 

2.2. Fundamentals 
At each step, given the applied forces, Newton’s second law of motion is invoked to 

obtain the new nodal points/particle positions. For a given nodal point, the equation of 
motion, including local non-viscous damping, may be expressed as: 

d
i i iF(t) F (t) mx+ =   (1) 

where iF (t)  is the total applied force and moment at time t including the exterior contact 
contribution, m is the nodal point mass, and ix  is the nodal point acceleration. The 
damping forces follow a local non-viscous damping formulation [23] and are given by: 

d
i i iF (t) F (t) sign(x )= −α   (2) 

where ix  is the nodal point velocity, α is the local non-viscous damping, and the func-
tion isign(x )  is given by: 

( )
1 , x 0

sign x 1 , x 0
0 , x 0

+ >
= − <
 =

 (3) 

The nodal point forces applied at a given instant of time are defined by three parts: 
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( ) ( ) ( ) ( )e c 1
i i i iF t F t F t F t= + +  (4) 

where ( )e
iF t  are the external forces applied at the nodal point, ( )c

iF t  are the external 
forces due to the contact interaction with neighbouring entities which only occur at nodal 
points located at the grain boundaries, and ( )1

iF t  are the internal forces due to the de-
formation of the associated triangular FE elements adopted in the discretization of each 
grain [24]. The external forces due to contact interaction, ( )c

iF t , are defined in the fol-
lowing section. 

The circular particles that are just considered for contact interaction purposes are 
rigidly associated with the inner nodal point located at the grain (Voronoi Cell) centre of 
gravity. For this reason, the rotational motion of the circular particles is not considered in 
the flexible model. 

2.3. Flexible Contact Model 
In the proposed flexible PM model, the interaction between two polygonal flexible 

particles is based on the 2D Voronoi generalized rigid contact model proposed in [14] 
that naturally incorporates the force versus relative particle displacement relationships of 
the PCM contact model [1,2] and provides both moment transmission and simple phys-
ical constitutive models based on standard force displacement relationships. 

In the proposed contact model, like in the rigid contact model, the contact width and 
the contact location are defined by the Voronoi tessellation, Figure 1a. Similarly, the 
contact width corresponds to the length of the associated Voronoi cell edge, and the 
contact location is defined by the Voronoi cell edge [14]. The grains are considered to in-
teract with neighbouring particles through the polygonal interface edges, Figure 1a. 

 
 

(a) (b) 

Figure 1. Flexible contact model for a discretization with three local contact points including tri-
angular finite element mesh: (a) contact width and location at the Voronoi cell; (b) three local con-
tact point scheme. 

The inner FE triangular mesh discretization of each Voronoi cell is defined by a tri-
angulation of the Voronoi vertexes and the point corresponding to the particle centre of 
gravity, Figure 1. If required, it is also possible to add inner nodal points in order to refine 
the initial triangular FE mesh following a Delaunay triangulation scheme. Given that the 
rigid circular particles are only adopted to ease the contact interaction process, a scheme 
needs to be devised in order to transfer the contact forces from the contact locations to the 
corresponding nodal points of the FE mesh adopted in the grain discretization. The con-
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tact relative velocity also needs to be defined given the FE inner mesh nodal point veloc-
ities. 

Like in the rigid contact version, the contact unit normal, in , is defined given the 
particles centre of gravity and the inter-particle distance, d, Figure 1b: 

[ ] [ ]B A
i i

i
x xn

d
−=  (5) 

Similar to the rigid contact model, the contact overlap for the reference contact point, 
nU , and the reference contact point, [0]

ix  are defined by: 
n [A] [B]U R R d= + −  (6) 

[0] [A] [A] n
i i v i

1x x R U d n
2

 = + − − 
 

 (7) 

where vd  is the distance along the contact normal between the point contact model 
(PCM) geometric contact plane of the two circular particles in contact and the adopted 
contact plane as defined by the corresponding Voronoi cell edge. If the Voronoi cell edge 
is located along the PCM contact plane ( vd 0= ), the reference contact point location 
matches the contact location as defined in the traditional PCM contact model. 

The position of each local contact point, [ ]J
ix , is defined relatively to the reference 

local contact point, using the tangent vector to the Voronoi edge contact plane, [J]
it , and 

the contact distance in the tangent direction to the reference contact point, [J]W : 
[ ] [ ]J 0 [J] [J]
i i ix x W t= +  (8) 

For the case of a three local contact point scheme as defined in Figure 1, the local 
contact point global coordinates are initially given by the Voronoi tessellation (the 
mid-point local contact location is given by averaging the Voronoi cell edge end point 
coordinates). The value of [J]W  for each local contact point is then defined using Equa-
tion (11) given that the locations are known and taken directly from the Voronoi tessel-
lation. The same procedure is adopted for other types of local contact point distributions. 
In [14], more details are given regarding the contact interaction. 

In the proposed flexible contact model, the contact velocity is defined using the FE 
mesh discretization. As mentioned, the circular particles are rigidly associated with the 
inner nodal point that is initially located at the particle centre of gravity. The contact ve-
locity of a given local contact point, which is the velocity of flexible particle B relative to 
flexible particle A, at the contact location is given by: 

( ) ( )
[ ] [ ] [ ]( )

[ ] [ ] [ ]( )

[J] [J] [J]
i i iB A

m. mnl n. mnl l. mnl
m. mnl i n. mnl i l. mnl i B

i. ijk j. ijk k. ijk
i. ijk i j. ijk i k. ijk i A

x x x

N x N x N x

N x N x N x

Δ Δ Δ
Δ Δ Δ

Δ Δ Δ
Δ Δ Δ

= −

= + + −

+ +

  

  

  

 (9) 

where m. mnlN Δ  is the shape function value associated with nodal point “m” of the cor-
responding triangular finite element, mnlΔ , at the local contact point location [J]

ix , and 
[ ]m. mnl

ix Δ  is the velocity of nodal point “m” of the corresponding triangular plane finite 
element, see Figure 1b. The triangular shape functions’ values are defined in the tradi-
tional way according to the associated triangular areas (positive value clockwise), see 
Figure 2: 
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[ ]

[ ]

[ ]

J

J

J

i. ijk ijkjkx

j. ijk ijkkix

k. ijk ijkijx

N Area Area

N Area Area

N Area Area

Δ ΔΔ

Δ ΔΔ

Δ ΔΔ

=

=

=

 (10) 

The contact displacement normal increment,   J,NΔx , stored as a scalar, and the 

contact displacement shear increment,   J,S
iΔx , stored as a vector, are given by: 

( )      J,N J
i iΔx = x Δ t n  (11) 

( )          J,S J J,N
i i iΔx = x Δ t -Δx n  (12) 

 

Figure 2. Flexible contact model triangular shape functions at local contact point [J]
ix . 

Given the normal and shear stiffnesses of the local contact point, the normal and 
shear forces increments are obtained following an incremental linear law: 

[ ] [ ]J ,N J,NJ
i n iF k xΔ = − Δ  (13) 

[ ] [ ]J,S J,SJ
i s iF k xΔ = − Δ  (14) 

The predicted normal and shear forces acting at the local contact point are then up-
dated by applying the following equations: 

[ ] [ ] [ ]J ,N.new J ,N.old J ,N
iF F F= + Δ  (15) 

[ ] [ ] [ ]J ,S.oldJ,S.new J,S
i i iF F F= + Δ  (16) 

Given the predicted normal and shear contact forces, the adopted constitutive model 
is applied, and, if the predicted forces do not satisfy the constitutive model, the necessary 
adjustments are carried out. The resultant contact force at the local contact point is then 
given by: 

[ ] [ ] [ ]J J ,N J,S
i iF F n F= +  (17) 

The contact force at each local contact point is then transferred to the nodal points of 
the associated FE triangle given the nodal shape functions. For the triangular plane finite 
element associated with particle A and for the triangular element associated with particle 
B (Figure 1b), the local contact forces are distributed to each nodal point according to: 

c c [C]
i. ijk i. ijk i i. ijkF F F NΔ Δ Δ= −  (18) 
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c c [C]
m. mnl m. mnl i m. mnlF F F NΔ Δ Δ= +  (19) 

The proposed flexible contact model can be transformed into a PCM-Flexible contact 
model if only one local contact point, located at the reference contact point, is adopted in 
the contact discretization, and if the distance of the adopted contact plane, located at the 
Voronoi cell edge, to the PCM contact plane is zero ( vd 0= ). 

The proposed PM model also works under a large displacement hypothesis. If a new 
contact between two grains is found to occur, the Voronoi edge closest to the contact lo-
cation is selected, in each grain, and the interaction follows the presented formulation. A 
similar contact interaction model, Pinball method, has been proposed by [25], where 
spheres are embedded in each finite element. This is obviously an approximation, but the 
examples presented show that it is a valid approach with clear computational advantages 
when compared with the usual deformable polygonal based DEM formulations that use 
much more complex interaction models [11,13,15]. If the grains had a more irregular 
shape, the geometry of each grain should be approximated by more than one circular 
particle [25] in order to better represent its outer boundaries [18]. 

2.4. Numerical Stability 
When only a steady state solution is sought, a mass scaling algorithm is used in or-

der to reduce the number of timesteps necessary to reach the desired solution. The nodal 
points masses are scaled so that the adopted centred-difference algorithm has a higher 
rate of convergence for a given loading step [22]. The nodal point scaled mass used in the 
calculations are set assuming a unit time increment, t 1Δ = , given the nodal point asso-
ciated stiffness at a given time through: 

=scaled tm 0.25 K  (20) 

An upper bound of the translation stiffness tK  associated with the flexible contact 
model must be found at a given timestep: 

N
J J

t n s i. ijk
c 1 j j

K 2 k k N Δ
=

 
= +  

 
    (21) 

where N
c 1=  indicates a summation along the “N” contacts associated with nodal point 

“i”, J
nk  and J

sk  are the contact normal and shear stiffnesses, respectively, associated 
with local point j and i. ijkN Δ  is the shape function associated with nodal point “i” of the 
triangular plane finite element associated with the proposed flexible contact. 

2.5. Local Contact Stiffness and Local Contact Strength 
In this work, the local contact normal and shear stiffnesses are given by: 

J J
n n ck K A=  (22) 

J J
s nk k= η  (23) 

where J
cA  is the contact area associated with the local point j , nK  is the normal stiff-

ness adopted for the contact and η  is the constant that relates the normal stiffness and 

the shear stiffness spring value. The total contact area is given by cA W t= , where W  
is the contact interface width given by the Voronoi cell edge length, Figure 1b, and t  is 
the out of plane thickness. The three local contact point scheme adopted in Figure 1b 
follows the Lobatto quadrature rule positioning: two local contact points at each edge 
end-point and one local contact point in the middle of the segment. The end-points have 
an associated local contact area of cA 6 , and the mid-point has an associated contact 
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area of c2A 3 . The contact strength properties are defined given the maximum contact 
tensile stress, n.tσ , the maximum contact cohesion stress, τ, and the contact frictional 
term, cμ : 

J J
n.max n.t cF A= σ  (24) 

J J J J J
s.max c n c max n cF A F C F= τ + μ = + μ  (25) 

where J
n.maxF  is the maximum contact local tensile strength, and J

s.maxF  is the maximum 
local contact shear strength. 

2.6. Local Contact Constitutive Model 
Figure 3 shows the bilinear softening contact model adopted in the normal and shear 

directions. This contact model requires the definition of both the tensile fracture energy, 

f.nG , and the shear fracture energy, f.sG . The tensile damage value is defined based on 

the current local contact normal displacement ( ( )J J
n nD x ) Figure 3a, and the cohesion 

damage value is defined based on the current local contact shear displacement ( ( )J J
s sD x ), 

only the cohesion part is affected, Figure 3b. In each local contact point, the contact 
damage, J

cD , is given by the sum of the tensile and shear contact damages. Given the 
current local contact damage, the local maximum tensile strength and maximum local 
cohesion strength are updated to: 

J.Current J J
n.max c n.maxF D F=  (26) 

J.Current J J
max c maxC D C=  (27) 

A local crack is considered to occur when the maximum possible damage ( J
cD 1= ) is 

reached. At this stage, the local contact point is only considered to work under pure fric-
tion. A local contact crack is considered to be a tensile crack if the local contact was under 
a shear/tensile loading state when the maximum damage was reached. A local contact 
crack is considered to be a shear crack if the local contact was under a shear/compression 
loading state when the maximum damage was reached. 

 
 

(a) (b) 

Figure 3. Bilinear softening contact model: (a) normal direction; (b) shear direction. 

If the adopted contact fracture energy is equal to the energy corresponding to the 
elastic behaviour, the response of the bilinear model is the same as the response obtained 
using a traditional brittle Mohr–Coulomb model with tension cut-off. By using a bilinear 
softening model at the contact level, the fracture propagation occurs in a smoother and 
more controlled way than that numerically observed with a brittle model, allowing a less 
brittle response. 

  

1

n.maxF

J
n.max0.25 F

J
nF

J
nxJf

nxJ.fl
nxJ0

nxJy
nx

( )
( )

( )

J.fl J J
n f.n c n.max

Jy JyJ0 J.fl
n n n n

Jy JyJf J.fl
n n n n

x 2 G A F

x 0.75 x x x

x 5 x x x

=

= − +

= − +J
nk

1J
max0.25 C

J
maxC

sF

J
sxJf

sxJ.fl
sxJ0

sxJy
sx

( )
( )

( )

J.fl J J
s f .s c max

Jy JyJ J.fl
s s s s

Jy JyJf J.fl
s s s s

x 2 G A C

x 0.75 x x x

x 5 x x x

=

= − +

= − +

J J J
s.max max n cF C F= + μ

J
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3. Simulation of Rock Specimens 
3.1. Model Generation 

In [14], a particle generation scheme was proposed which generates polygonal 
shaped particles based on the Laguerre Voronois using a weighted Delaunay triangula-
tion of the circular particle gravity centres [26]. A Laguerre tessellation is preferred be-
cause it generates Voronois with edges closer to the traditional PCM geometric contact 
planes when considering two circular particles in contact. The initial circular particle as-
sembly is created by first inserting the particles with half their radius, ensuring that the 
particles do not overlap with each other. Then, the particle real radius is adopted and a 
DEM cohesionless type solution is obtained, leading to a redistribution of the particle 
overlap throughout the assembly, Figure 4a. 

   
(a) (b) (c) 

Figure 4. From the grain structure to the flexible contact model: (a) initial grain structure; (b) rigid 
contact model based on the Voronoi tessellation [14]; (c) propose flexible particle model, including 
the inner FE mesh. 

The particle centres of gravity are then triangulated using a weighted Delaunay 
scheme and then the polygonal shaped particles are obtained given the Laguerre tessel-
lation based on the weighted Delaunay triangulation, Figure 4b. The proposed flexible 
particle model further requires the generation of nodal points at the Laguerre cell ver-
texes and at the particle centre of gravity. A triangulation of the nodal points of each 
Laguerre cell is performed, Figure 4c. As previously mentioned, in the proposed flexible 
PM model, the contacts are adopted following the contact geometry of the Voronoi tes-
sellation. 

The adopted maximum particle diameter, Dmax, minimum particle diameter, Dmin, 
the radius distribution and the particles density, ρ, need to be defined taking into account 
the rock that is intended to be modelled. In the numerical simulations that were carried 
out, a porosity value of 10% was adopted in the definition of the initial number of parti-
cles to be inserted [2]. In this approach, the adopted porosity is not associated with the 
porosity of the rock to be modelled. Figure 4b,c show that a final compact assembly with 
no porosity is generated, both in the rigid and in the flexible PM models. Note that the 
outer grain contacts are exactly the same in the rigid and flexible PM models. 

  



Geotechnics 2022, 2 532 
 

 

3.2. Model Parameters 
The proposed flexible PM model requires the definition of seven elastic and strength 

parameters associated with the contacts. It also requires the definition of the Young’s 
modulus and the Poisson’s coefficient of the triangular finite elements adopted in the 
inner discretization of each Laguerre cell (polygonal particle). 

The elastic response of the flexible PM model is related with the adopted contact 
elastic properties, contact normal stiffness, nK , and the constant that relates the normal 
and the shear stiffness spring value (η), and with the continuum elastic properties 
adopted in the FE mesh. Nevertheless, as shown in Section 4.2, a flexible PM model that 
adopts the macroscopic rock elastic properties in the FE discretization does not require a 
previous calibration of the elastic contact properties. 

The strength macroscopic response requires the definition of the maximum contact 
tensile stress, σn.t, the maximum contact cohesion stress, τ, the frictional term, μc, and 
both the contact tensile, f.nG , and the contact shear, f.nG , fracture energies. In the FE 
inner mesh discretization, an elastic behaviour is adopted. 

Given that a direct relationship between contact properties and macroscopic prop-
erties is difficult to establish, the contact properties are traditionally defined through a 
calibration process in order to reproduce the known macroscopic material behaviour. In 
this work, a trial and error approach is adopted. The parametric study presented in Sec-
tion 4.3.3 clearly shows the influence of each contact strength parameter in the predicted 
macroscopic response, which considerably reduces the burden of the trial and error 
procedure. In [15], a calibration procedure is proposed that adopts statistics techniques to 
ease the calibration procedure. 

4. Biaxial and Brazilian Tests in a Granite Rock 
4.1. Numerical Setup 

The proposed flexible PM model is validated against known uniaxial, biaxial and 
Brazilian tests in a granite rock (Augig) [11,15]. The uniaxial tests, without lateral con-
finement pressure, and the biaxial tests with lateral confinement pressure are performed 
in samples with 80 mm × 160 mm. The Brazilian tests are performed on circles with a 
diameter of 80 mm. The simulations are performed in two dimensions; therefore, the 
particle assembly is considered to have 80 mm thickness. The course aggregate of Augig 
granite ranges from 3.0 to 7.0 mm [11]. In order to simulate this rock, both geometries 
were discretized with particles with a uniform diameter distribution ranging from 2.0 to 
4.0 mm. 

The uniaxial tests and the biaxial tests with lateral confinement have on average 
1630 particles and 4627 contacts with three local points and the Brazilian tests have on 
average 640 particles and 1805 contacts with three local points. Figure 5a,b show the 
adopted rigid PM models following the contact approach proposed in [14], and Figure 
5c,d shows the PM model following the proposed methodology. The flexible PM models 
have in addition 18,842 nodes and 25,003 triangular finite elements in the uniaxial and 
biaxial tests and 7376 nodes and 9784 finite elements in the Brazilian tests. On average, 
each grain that corresponds to a Voronoi cell is discretized with approximately 15 FE 
elements. In Figure 5, the particle radius is shown with a 50% reduction in order to make 
the adopted inner triangular plane element mesh visible. 

In order to further validate and assess the computational costs associated with the 
proposed flexible PM model, particle assemblies where the grain deformability is defined 
through the inner contacts were also created, the uniaxial tests have on average 42,966 
particles, and 23,977 contacts with one local point (Figure 5e). The Brazilian tests have on 
average 16,873 particles and 9438 contacts with one local point, Figure 5f. For the inner 
grain discretization, an average particle diameter of 0.06 mm was adopted, correspond-
ing to an average of 26 inner particles per grain. As shown in Figure 5e,f, the inner parti-
cles have a different colour scheme: red corresponds to the interior particles, blue corre-
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sponds to the particles closer to the grain edges and green corresponds to the particles at 
the grain vertices. In the simulations that were carried out with a DEM model with inner 
discretization, two options were adopted, either the contact normal was defined in the 
usual way [2,14] or the contacts with the edge particles (blue particles in Figure 5e,f) had 
the contact normal given by the edge contact normal in order to reduce the natural 
roughness associated with the adopted particle discretization (a similar approach has 
been proposed in [6], known as the flat joint model). 

The fact that an FE based model is adopted greatly eases the definition of boundary 
conditions, which are defined solely given the FE mesh. In the uniaxial tests, the nodal 
points at the upper and at the lower plate have their motion restrained in the vertical 
direction, a zero value at the lower plate and the imposed value at the upper plate, and 
the initial isotropic pressure is applied as an imposed stress at the boundary triangular 
FE edges. 

  
(a) (b) 

  
(c) (d) 
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(e) (f) 

Figure 5. Particle assemblies: (a) uniaxial and biaxial tests (Rigid PM model); (b) Brazilian test 
(Rigid PM model); (c) uniaxial and biaxial tests (proposed flexible PM model); (d) Brazilian test 
(proposed flexible PM model); (e) uniaxial and biaxial tests (Rigid PM-inner contacts) and (f) Bra-
zilian test (Rigid PM-inner contacts). 

In the rigid PM models, with or without the grain discretization with smaller parti-
cles, the boundary conditions are defined through vertical or horizontal plates that in-
teract with the particle assembly through single point type contacts [2]. In order to sim-
ulate a flexible membrane, the horizontal plates are subdivided into 16 smaller plates that 
work independently and have their motion restrained along the horizontal plane, Figure 
6. 

  
(a) (b) 

Figure 6. Rigid PM models boundary conditions through rigid plates: (a) rigid PM model; (b) grain 
deformability through inner discretization (Rigid PM-inner contacts). 

In the biaxial tests with confinement, after setting the isotropic confinement stress, 
the nodal points (Flexible PM model) or the upper plate (rigid PM models) have their 
motion in the vertical direction given by a small downward velocity of 6.25 × 10−7 m/s, in 
order to simulate quasi-static conditions. 

In the uniaxial compression test, the same value of downward velocity is adopted 
for the nodal points/upper rigid plate from the beginning of the simulation, and, in the 
uniaxial direct tensile test, the same value of velocity is adopted for the nodal 
points/upper rigid plate but in this case in the upward direction. 
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In the Brazilian tests, the quasi-static load is applied by giving a downward velocity, 
6.25 × 10−7 m/s, to the upper rigid plate in all models. In the proposed flexible PM model, 
the upper rigid plate interacts with the neighbouring particles through a single point 
flexible contact model that follows the principles here described in Section 2.3 for a mul-
tiple flexible contact model. The lower plate rigid block has its motion restrained. In all 
tests, a local damping coefficient of 0.70 is adopted. The quasi-static plate velocity values 
are computed so that the measured macro-properties are not altered if the velocity value 
is further reduced. 

4.2. Elastic Macroscopic Response 
In a rigid PM model, the elastic macroscopic response is related to the adopted elas-

tic contact properties, the normal stiffness and the normal to shear stiffness ratio. Given 
that in a rigid PM model it is not possible to devise analytical expressions for the elastic 
contact properties, it is necessary to calibrate them based on experimental results, usually 
using uniaxial compression tests. 

With a flexible PM model, the elastic macroscopic response is related to the Young’s 
modulus and the Poisson’s coefficient of the triangular finite elements adopted in the 
inner discretization as well as with the adopted elastic contact properties. If the macro-
scopic rock properties are adopted in the inner grain triangular FE elements, then the 
adopted contact properties need to be high enough in order to ensure that the overall 
deformability is only associated with the FE mesh. In this approach, the contact proper-
ties can be understood as penalty values, and it is not necessary to perform a calibration 
of the elastic contact parameters. With a flexible PM model, it is also possible to adopt in 
the FE discretization, elastic properties closer to the mineral properties (e.g., quartz in a 
granitic rock). In this approach, the calibration procedure needs to be carried out in order 
to define the elastic contact properties that also contribute to the overall deformation. 

In order to compare the performance of the proposed flexible PM model with the 
performance of a rigid PM model, several parametric studies were carried in order to 
assess the influence of the contact elastic parameters and of the elastic parameters 
adopted in the FE discretization on the macroscopic elastic response. In all presented 
models, the adopted reference normal contact stiffness is the value that gives the best 
agreement of the numerical model with the known experimental values for an Augig 
ganite rock that is used as comparison. For the flexible PM models based on FE discreti-
zation, two different values of the Young’s modulus were adopted, a value of 25.8 GPa 
similar to the Young’s modulus of Augig granite and a value of 51.6 GPa on the order of 
magnitude of the Young’s modulus of the minerals usually present in a granite rock. A 
Poisson’s coefficient of 0.23 similar to the known Poisson´s coefficient of an Augig rock 
was adopted in both flexible models. 

Figure 7 shows the influence of the contact deformability parameters ( nK and η ) on 
the elastic macroscopic properties of the particle assembly ( E and υ ) for all the adopted 
PM models. As shown in Figure 7a,b, in the rigid PM model, both contact elastic param-
eters influence the macroscopic Young’s modulus and Poisson’s coefficient. It can be seen 
that macroscopic Young’s modulus is more sensitive to the shear to normal stiffness ratio 
for higher contact normal stiffness values. Figure 5b shows that, in the rigid PM model, 
the macroscopic Poisson’s coefficient is mainly influenced by the shear to normal stiff-
ness relationship (η ). The dashed line represents the known values for an Augig rock (E 
= 23.8 GPa, u = 0.23). 

For the flexible PM model where the Augig rock macroscopic elastic properties are 
adopted in the triangular FE elements, Figure 7c,d, it can be seen that the macroscopic 
values are mostly influenced by the FE adopted properties. In this approach, the adopted 
contact elastic properties only need to be chosen sufficiently high in order for the particle 
deformability to be solely associated with the inner FE discretization. As shown in Figure 
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7c,d, the shear to normal stiffness relationship (η ) has a negligible influence in the 
macroscopic elastic response. 

When the elastic properties adopted for the triangular FE elements are within the 
order of magnitude of the minerals that are present in a granite rock, (e.g., quartz), Figure 
7e,f, it can be seen that the macroscopic values are mostly influenced by the adopted FE 
elastic properties, but in this approach the contact properties also influence the macro-
scopic properties, mostly the macroscopic Poisson’s coefficient. 

In summary, a flexible particle model with the FE properties close to the rock to be 
modelled does not require a previous calibration procedure for the contact properties, 
which is a clear advantage when compared with a rigid PM model. In this approach, the 
shear to normal stiffness ratio can be set to any given value in between 0.2 to 0.6 [15,24]. 

  
(a) (b) 

  
(c) (d) 

  
(e) (f) 

Figure 7. Influence of the contact deformability parameters ( nK and η ) on the elastic macroscopic 
properties of the particle assembly ( E and υ ) for the rigid contact PM model [14] and for the 
proposed flexible FEM PM model for two different finite element Young´s modulus values: (a) 
Rigid PM model [14]: Macroscopic Young’s modulus for varying η n = 1.08 × 104 GPa/m; (b) Rigid 
PM model [14]: Macroscopic Poisson’s coefficient for varying η -Kn = 1.08 × 104 GPa/; (c) Flexible 
PM model: Macroscopic Young’s modulus for varying η -Kn = 18.00 × 104 GPa/m, E = 25.8 GPa; (d) 
Flexible PM model: Macroscopic Poisson’s coefficient for varying η -Kn = 18.00 × 104 GPa/m, E = 
25.8 GPa; (e) Flexible PM model: Macroscopic Young’s modulus for varying η -Kn = 2.06 × 104 
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GPa/m, E = 51.6 GPa; (f) Flexible PM model: Macroscopic Poisson’s coefficient for varying η -Kn = 
2.06 × 104 GPa/m, E = 51.6 GPa. 

4.3. Strength Macroscopic Response 
4.3.1. FEM Versus DEM Based Deformability 

In order to assess the influence of taking into account the grain deformability and to 
compare the proposed FEM based PM model with a DEM based flexible model through 
contact discretization, several uniaxial tests were carried out. Table 1 presents the 
adopted elastic contact properties, which are the best fit values for the adopted PM 
models, and Table 2 presents the contact strength properties that were considered to be a 
best fit for a rigid PM model with a uniform radius between 2.0 mm and 6.0 mm. Note 
that, in this work, a uniform particle radius distribution between 2.0 mm to 4.0 mm was 
adopted. The adopted inner discretization FEM triangles elastic properties match the 
macroscopic Augig properties and the inner contact properties (DEM flexible model) 
were calibrated in order to also match the hard rock macroscopic elastic properties. The 
Augig granite macro-properties are presented in Table 3 [11,15]. Figure 8 shows the axial 
stress–displacement response under compression, including the contact damage evolu-
tion, for the proposed FEM based deformable PM model and for two DEM based de-
formable PM models, one where the unit contact normal at the grain boundaries is given 
by the Voronoi cell edge contact normal (DEM-un), similar to the model flat joint model 
[6], and another model where the contact normal is defined using the usual unit normal 
formula (DEM) [1,2] similar to the model flat joint model [22]. It can be seen that the 
proposed FEM based flexible PM model predicts, for similar contact strength properties, 
results within the boundaries of the values predicted with the DEM based flexible models 
where the grain deformation is due to the inner contacts. 

Table 1. Contact elastic properties for the particle models. 

Type of Contact nK GPa/m) η  

Rigid PM [14] 1.08 × 104 0.28 
Flexible PM FEM (E = 25.8) 18.00 × 104 0.28 

Flexible PM DEM-inner contacts (E = 25.8) 4.90 × 104 0.30 
Flexible PM FEM (E = 51.6) 2.06 × 104 0.28 

Table 2. Contact strength properties for the particle models [14]. 

Type of Contact n.cσ (MPa) cτ (MPa) cμ  f.nG (N/m) f.sG (N/m) 
Brittle 13.70 48.80 0.40 (-) (-) 

Bilinear 11.5 33.25 0.5 66.1 2078.6 

Table 3. Augig granite macro-properties [11,15]. 

Type of Contact E (GPa) ν  cσ (MPa) t.indσ (MPa) c (MPa) φ (°) 
Brittle 25.8 0.23 122.1 8.8 21.0 53.0 

The presented results show that, if smaller particles are adopted in the discretization 
of the inner grains, there is an associated interlock that reduces the brittle behaviour even 
if the Voronoi edge unit normal is adopted for contact interaction. The post-peak re-
sponse is also influenced by the adopted numerical damping and boundary conditions; 
nevertheless, it is clearly shown that, for similar conditions, a rigid PM model with grain 
deformability given by the inner contacts leads to a less brittle response. If a Voronoi 
tessellation is adopted to describe the rock grain distribution, the ideal is to adopt a 
flexible PM model as proposed here or to adopt polygonal type interactions [11,16]. 
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Figure 9 shows the axial stress–displacement response under compression, includ-
ing the contact damage evolution for the proposed FEM based flexible PM model and for 
a rigid PM model with similar strength properties [14]. It can be seen that the considera-
tion of the particle deformability with the proposed flexible PM model does not change 
the post-peak brittle behaviour that is predicted with a rigid PM model, as also observed 
experimentally in hard rock. For a brittle model, the grain deformability consideration 
does not affect the predicted compression strength peak value, whereas, for a bilinear 
contact model, the consideration of the grain deformability leads to an increase in the 
peak compressive strength. Figure 9 also shows that the rigid PM model predicts a 
stress–strain response with two clear distinct slopes for a zero-confinement pressure 
(uniaxial compression). With a bilinear softening contact model, the change in the incli-
nation of the stress-deformation curve is less pronounced when compared with a brittle 
model, but it is still noticeable. This change in the stress/deformation slope occurs due to 
the damage evolution that occurs for low compression values. When compared with the 
rigid PM model, the onset of damage evolution occurs in the flexible PM model for 
higher compression values, Figure 9. With polygonal flexible based models, this change 
in slope is also not predicted [15]. 

  
(a) (b) 

Figure 8. Axial stress–displacement response under uniaxial compression-proposed flexible PM 
models and DEM-inner contacts): (a) brittle model; (b) bilinear softening model. 

  
(a) (b) 

Figure 9. Axial stress–displacement response under uniaxial compression–proposed flexible PM 
models and rigid PM model: (a) brittle model; (b) bilinear softening model. 

Table 4 presents, for the uniaxial tests and for the Brazilian tests, the computational 
execution times for the rigid PM model, for the proposed flexible FEM based PM model 
and for the flexible DEM based model (inner contacts). The computational run times as-
sociated with the proposed flexible FEM based model are higher than those associated 
with the rigid PM model, with an average multiplying factor of around 8.0, for the uni-
axial and biaxial tests and an average multiplying fact of around 5.0 for the Brazilian 
tests. Table 4 also shows that the computation run times associated with the flexible DEM 
model (inner contacts) are around three times higher than the proposed FEM based PM 
model in the uniaxial tests and around 1.2 times higher in the Brazilian tests. 
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Table 4. Execution times (hours) for the completion of 1,000,000 calculation cycles. 

Model Uniaxial Compression Brazilian Test 
Rigid PM [14] 1.14 0.75 

Proposed Flexible PM (FEM) 9.29 3.59 
Flexible PM (DEM-inner contacts) 28.15 4.34 

It is important to note that, when compared with polygonal FEM flexible PM models 
[13,15], the proposed flexible FEM based PM model has lower computational require-
ments due to the fact that the contact interaction is still performed taking into account the 
circular grain geometry. Because the contact location and unit normal are defined in an 
approximate way, the proposed model is not as accurate as the polygonal based models 
in terms of contact interaction. Nevertheless, the final failure patterns presented in Figure 
10 show that reasonable final failure patterns are predicted with the proposed approxi-
mate flexible PM model in good agreement with the failure pattern predicted with a rigid 
PM model and with a flexible PM model based on the grain discretization with smaller 
particles. 

 
  

(a) (b) (c) 

 
  

(d) (e) (f) 
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(g) (h) (i) 

Figure 10. Particle assemblies: (a) Brazilian test (Rigid PM model); (b) uniaxial tensile test (Rigid 
PM model); (c) uniaxial compression test (Rigid PM model); (d) Brazilian test (proposed flexible 
PM model); (e) uniaxial tensile test (proposed flexible PM model); (f) uniaxial compression test 
(Proposed flexible PM model); (g) Brazilian test (DEM-Flexible); (h) uniaxial tensile test 
(DEM-Flexible) and (i) uniaxial compression test. 

4.3.2. Strength Envelope 
Figure 11 shows the Hoek–Brown failure criterion applied to the Augig granite ex-

perimental values [11,15], the values predicted adopting the proposed flexible FEM 
based PM model for two different inner triangles Young’s modulus (25.8 GPa and 51.6 
GPa), and the results predicted with a rigid PM model [14]. Brittle and bilinear softening 
contact laws were adopted in each PM model. The contact strength parameters that were 
found to give a best fit agreement with Augig hard rock with a rigid PM model were 
adopted [14]( Table 2). The larger markers presented in Figure 11 represent the predicted 
tensile strength with a Brazilian test, and the smaller markers represent the predicted 
tensile strength through uniaxial testing. 
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Figure 11. Strength envelope: Hoek–Brown failure criterion adopted from [11], Rigid model [14] 
and proposed flexible FEM based particle model: (a) brittle contact constitutive law; (b) bilinear 
softening contact constitutive law. 

Figure 11a shows that, for a brittle constitutive law, the flexible PM model with an 
inner discretization Young modulus of 25.8 GPa predicts a friction angle higher than that 
predicted with a rigid PM model. All PM models with a brittle contact model predict an 
indirect tensile strength lower than the direct tensile strength. With a brittle model, the 
response predicted with the flexible PM model (E = 51.6 GPa) is closer to the response 
predicted with a rigid PM model than to the response predicted with a flexible PM model 
(E = 25.8 GPa). 

For a bilinear constitutive law, the flexible PM model with an inner discretization 
Young’s modulus of 25.8 GPa predicts a friction angle higher than that predicted with a 
rigid PM model [14], Figure 11b. All PM models following a bilinear contact model pre-
dict an indirect tensile strength higher than the direct tensile strength, but the flexible 
based PM models predict higher indirect to direct tensile ratio for the same set of contact 
parameters. As shown in Figure 11b, the response predicted with a flexible PM model (E 
= 51.6 GPa) is between the response predicted with a rigid PM model and the response 
predicted with a flexible PM model (E = 25.8 MPa). This result is closer to the expected 
because, as the inner triangles stiffness is increased, the macroscopic results should con-
verge to those predicted with a rigid PM model. 

4.3.3. Influence of Strength Contact Parameters 
In order to further assess the particle deformability influence and to compare the 

proposed FEM based PM model with a rigid PM model, several simulations were carried 
out for different contact strength values. The simulations were carried out assuming a 
constant maximum contact tensile stress of σn.t = 11.50 MPa and four τ/σn.t relationships, 
τ/σn.t = 1, 2, 3 and 4. The same contact frictional term μc = 0.5 was adopted in all tests. Three 
different contact fracture energies under tension (Gf.n) were adopted. In all cases, a shear 
(Gf.s) fracture energy 31.5 times higher than the adopted tensile fracture energy was 
adopted. The adopted contact tensile fracture energy varied between 66.1 N/m (Gf1), 33.1 
N/m (Gf2) and 16.5 N/m (Gf3). The adopted contact strength properties are presented in 
Table 5. 

Table 5. Strength properties for the particle models: Influence of contact strength. 

Case n.cσ (MPa) cτ (MPa) cμ  f.nG (N/m) f.sG (N/m) 

Gf1 

11.5 

11.5 

0.5 

66.1 2082.2 
23.0 
34.5 
46.0 

Gf2 

11.5 

33.1 1042.7 
23.0 
34.5 
46.0 

Gf3 

11.5 

16.5 519.8 23.0 
34.5 
46.0 

Figure 12a–g show the predicted numerical responses for the proposed flexible PM 
model (F) and, for the rigid PM model (R), namely the compression strength, the friction 
angle, the cohesion, the direct tensile strength, the indirect tensile strength, the direct 
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tensile strength to indirect tensile ratio, and the compression to indirect tensile strength 
ratio. Figure 12a shows that, for similar properties, the flexible PM model predicts higher 
compression strength values; it is also shown that higher fracture energies and higher 
contact shear to tensile ratio lead to higher compression strength in both PM models. 
With the flexible PM model, the contact fracture energy has a higher influence on the 
macroscopic response. 

Figure 12b shows the predicted macroscopic friction angle. It shows that both PM 
models predict a higher friction angle for a lower shear to tensile strength ratio. As 
shown, the influence of the adopted contact fracture energy is less noticeable in the flex-
ible PM model. Regarding the predicted macroscopic cohesion response, Figure 12c, it is 
shown that a higher shear to tensile contact strength favors an increase in the cohesion. 
Figure 12c also shows that a flexible PM model predicts higher cohesion values than a 
rigid PM model for similar contact strength properties. 

Figure 12d, which represents the macroscopic direct tensile strength, shows that, for 
similar contact properties, the flexible PM model predicts higher strength values. Figure 
12d also shows that the influence of the contact shear to tensile strength is negligible in 
both the flexible and rigid PM models. As shown, higher contact fracture energy leads to 
higher macroscopic strength. Figure 12e show that both the ratio of shear to tensile 
strength and the adopted fracture energies influence the predicted indirect tensile 
strength response on both PM models. The flexible PM model for similar contact proper-
ties predicts higher indirect tensile strength macroscopic response. 
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(e) (f) 

 

 

(g)  

Figure 12. Effect of τ/σn.t and fracture energy contact properties on macroscopic response, Rigid (R) 
and Flexible (F) numerical predicted response: (a) compression strength; (b) friction angle; (c) co-
hesion; (d) direct tensile strength; (e) indirect tensile strength; (f) direct to indirect tensile strength 
ratio and (g) compression to direct tensile strength ratio. 

Regarding the direct tensile to indirect tensile strength ratio, a flexible PM model is 
shown to always predict lower ratios, Figure 12f, when compared with a rigid PM model 
for similar properties. As shown in Figure 12f for a shear to tensile strength ratio of 2, the 
flexible PM model predicts ratios lower than 1 for all the adopted tensile fracture energy 
values. In rock, the indirect tensile strength is usually higher than the direct tensile 
strength value [27,28]. Several factors can explain this difference, namely the fact that in 
the Brazilian test the induced stress state close to the plates is rather complex with a 
clearly defined compressive stress zone, and also the fact that the final crack pattern is 
not perfectly plane. As presented in Figure 12f, a ratio of direct to indirect tensile strength 
ratio lower than 1 is more difficult to be predicted with a rigid PM model. As pointed out 
in [14], only contact models that consider bilinear softening contact laws are able to pre-
dict direct tensile to indirect tensile strength ratios closer to 1.0. 

Figure 12g shows the predicted compression strength to direct tensile strength ratio. 
As shown, a flexible PM model predicts higher ratios of compressive to tensile strength 
when compared with a rigid PM model. Figure 12g also shows that a higher shear to 
tensile contact strength leads to a higher compression to tensile strength in both models. 

Additionally, several simulations were carried out in order to assess the influence of 
the contact friction term. With this purpose, three different contact friction values were 
adopted, 0.2, 0.5 and 0.8. In all studies, a contact tensile fracture energy of 33.1 N/m and a 
shear (Gf.s) fracture energy 31.5 times higher than the adopted tensile fracture energy 
were adopted. Two τ/σn.t relationships, τ/σn.t = 1 and τ/σn.t = 3 were considered, assuming a 
constant maximum contact tensile stress of σn.t = 11.50 MPa. The adopted contact strength 
properties are presented in Table 6. 
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Table 6. Strength properties for the particle models: Influence of contact friction. 

Case n.cσ (MPa) cτ (MPa) cμ  f.nG (N/m) f.sG (N/m) 

τ/σn.t=1 11.5 11.5 
0.2 

33.1 1042.7 

0.5 
0.8 

τ/σn.t=3 11.5 34.5 
0.2 
0.5 
0.8 

Figure 13a shows that, in both PM models, an increase in the contact friction term 
leads to an increase in the predicted macroscopic compressive strength. As shown in 
Figure 13a when compared with a rigid PM model, a flexible PM model is more influ-
enced by the adopted contacted friction term for both adopted shear to tensile contact 
strength ratios. 

Figure 13b shows that the predicted macroscopic friction angle is influenced by the 
adopted contact frictional term in both models, almost showing a linear relationship. 
Regarding the predicted macroscopic cohesion response, Figure 13c shows the predicted 
macroscopic cohesion. As shown, the contact friction effect on the macroscopic cohesion 
response is less noticeable in the flexible PM model than in the rigid PM model, espe-
cially for a shear to tensile strength ratio of 3. 

Figure 13d shows that, in both PM models, the contact friction term has a negligible 
effect in the macroscopic direct tensile strength. Similarly, the effect of the contact friction 
term in the predicted macroscopic indirect tensile strength is also negligible, Figure 13e in 
both PM models. As expected, the contact friction term influence on the direct to indirect 
tensile strength ratio is also negligible (Figure 13f). 

Figure 13g shows the predicted compression strength to a direct tensile strength ra-
tio. As shown, when compared with a rigid PM, the flexible PM model predictions are 
more influenced by the adopted contact frictional term. 
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Figure 13. Contact friction properties influence on macroscopic response, Rigid (R) and Flexible (F) 
numerical predicted response: (a) compression strength; (b) friction angle; (c) cohesion; (d) direct 
tensile strength; (e) indirect tensile strength; (f) direct to indirect tensile strength ratio and (g) 
compression to direct tensile strength ratio. 

4.3.4. Calibrated Response (Bilinear Constitutive Model) 
A trial and error estimating procedure was carried out in order to find the contact 

strength parameters that allow the flexible PM model to have an excellent agreement 
with an Augig Rock experimental values [11,15]. Before carrying out a trial and error 
procedure, it is important to perform a sensitive analysis as presented in Section 4.3.3 in 
order to understand the influence that each contact strength parameter has on the mac-
roscopic response. Usually, the trial and error approach starts by setting a given shear to 
tensile contact strength ratio, and then finding the tensile contact strength value that 
predicts an indirect tensile strength closer to that desired. Then, the contact fracture en-
ergy is slightly tuned so that the PM model is also able to predict the compressive 
strength. Finally, the contact friction term is tuned in such a way that the PM model is 
able to predict the failure envelope. If the predicted numerical response is not closer to 
the experimental results, the previous steps are repeated for a different shear to tensile 
strength ratio. More complex calibration procedures have been proposed [15], but the 
trial and error procedure, if one knows how the contact strength parameters influence the 
macroscopic response, can still be carried out even if one has to deal with five contact 
strength parameters (tensile, cohesion, frictional term, tensile and shear fracture ener-
gies). 

Figure 14 shows the Hoek–Brown failure criterion applied to the Augig granite ex-
perimental values [11,15] and the values predicted adopting the proposed flexible FEM 
based PM model (E = 25.8 GPa). As shown, the flexible PM is able to predict an indirect 
tensile strength higher than the predicted tensile strength. Table 7 presents the contact 
strength best fit values for a bilinear contact constitutive model. Comparing the pre-
sented values with the values presented in Table 2, it can be seen that a flexible PM model 
when compared with a rigid PM model requires a lower tensile contact strength and a 
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lower fracture energy and a slightly higher shear to tensile strength ratio. The frictional 
term has a similar value. 

 
Figure 14. Strength envelope: Hoek–Brown failure criterion adopted from [11,15] and calibrated 
flexible FEM based particle model (bilinear constitutive model). 

Table 7. Contact strength properties for the proposed particle models. 

Type of Contact n.cσ (MPa) cτ (MPa) cμ  f.nG (N/m) f.sG (N/m) 
Bilinear 8.5 29.75 0.40 20.0 800.0 

Figure 15 presents the predicted uniaxial compression response and the predicted 
response for a confinement stress of 4.0 MPa. Also shown are the experimental response 
and the numerical response obtained with a flexible polygonal PM model that also 
adopts a softening branch under tensile loading and shear [15]. The proposed numerical 
flexible PM model is in good agreement with the predicted numerical response [15], but 
it can be seen that PM models, either rigid or flexible, still need to be further developed in 
order to match the Augig granite macroscopic response. 

  
(a) (b) 

Figure 15. Axial stress-axial strain response under different confinement pressures numerical and 
experimental response adapted from [15] and proposed calibrated FEM base PM model: (a) uni-
axial compression; (b) 4 MPa confinement. 

5. Discussion and Conclusions 
PM models, either rigid or flexible, should be able to predict the rock complex 

macroscopic response under any state of stress (compressive, tensile, and shear) with the 
same set of parameters [15]. For this reason, several enhancements have been proposed 
which have introduced more complex geometries, grain deformability and more complex 
contact models. 

A flexible PM model is proposed that considers the particle deformability by 
adopting in each grain, Voronoi Cell, an inner finite element mesh. The contact interac-
tion is an extension of the rigid contact model proposed in [14], which keeps the contact 
interaction simplicity and the reduced computational costs characteristic of circular rigid 
particle models. When compared with polygonal based flexible models [15], the pro-
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posed model, by keeping the highly efficient contact detection procedures associated 
with circular shapes, has lower associated computational costs. It is shown that the pro-
posed flexible PM model has a computational cost higher than a similar rigid PM model 
(eight times higher), but three times lower than the computational cost associated with an 
all-particle PM model, where the grain deformability is due to the grain discretization, 
like the models proposed in [5,7]. Furthermore, it is shown that the all-particle PM mod-
els has an inherit grain interlock, even if a flat joint contact approach is adopted, which 
may lead to a more ductile post-peak response, contrary to that observed in hard rock, 
which is closer to the more brittle response predicted with the proposed flexible PM 
model and with a similar rigid PM model [14]. 

A flexible PM model greatly eases the process of setting the boundary conditions 
(confinement stress, imposed displacement boundaries) and as shown does not require 
the calibration of the elastic contact properties if the inner discretization finite elements 
Young’s modulus match the hard rock macroscopic value. Nevertheless, the rigid PM 
elastic calibration procedure, even if based on a trial and error procedure, is quite 
straightforward to be performed. 

Given that the studied PM models have exactly the same particle arrangements and 
outer grain contacts, the performance of the proposed flexible PM models could be 
straightforwardly compared with the performance of a rigid PM model [14]. In this way, 
it was possible to assess the influence of the grain deformability on the macroscopic re-
sponse, which is original to PM studies. The results presented show that a PM model 
should reproduce the real grain deformability in order to be as accurate as possible and 
in order for the contact strength parameters to be closer to real material contact parame-
ters, as the grain deformability is an important feature that influences the macroscopic 
response. When compared with a rigid PM model, the main disadvantage of a flexible 
PM model is the associated increase in the computational costs, which the presented PM 
model tries to remain as low possible by keeping the circular particle interactions’ sim-
plicity. 

The parametric results presented here show that the influence of the contact strength 
parameters on the macroscopic response differs if the PM model is rigid or flexible. As 
shown, the flexible PM model, when compared with a rigid PM model, requires a smaller 
value of contact tensile fracture energy in order to predict a correct direct to indirect ten-
sile strength ratio. This means that the contact fracture energy in a rigid PM model has to 
be artificially increased in order to compensate the fact that the stress distribution may 
not be correct as the particles are rigid. It is also shown that a flexible PM model also 
requires a softening contact model in order to predict a correct direct tensile to indirect 
tensile strength ratio. 

Rigid PM models with an associated low computational cost are suitable for large 
scale studies, but, as shown in this paper, the proposed flexible PM model is a more ac-
curate competitive alternative. 
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