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Summary

The hydrostatic-season-time (HST) model is a widely used method in the
safety assessment of dams and for the estimation of reversible and irreversible
deformations due to different load scenarios. After implementing an optimal
HST-model to observational data, the residual time series can still expose
some underlying periodicities. In our contribution, the underlying periodici-
ties and their contribution to residual minimisation are further analysed by
the Lomb–Scargle normalised periodogram frequency method. The extended
HST-model, obtained by adding additional sinusoidal terms for the statistically
most significant frequencies, presents a slight statistical improvement on the
optimal HST-model. Statistically significant frequencies may not be justified or
correlated to some physical process of the dam, but they make it possible to iden-
tify a pattern in the analysed period. The analyses are performed for the radial
direction of long-term displacement time series measured at the topmost reading
station of an inverted pendulum system in the central cantilever of the Alqueva
concrete arch dam.
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1 INTRODUCTION

Due to the importance of dams and their potential risk, public legislation regulates safety controls of large dams. The
regulations are based on technical guidelines and procedures for the design, construction, and monitoring of dams. The
structural safety control of dams is based on monitoring dam behaviour, modelling, and analysing registered observations
and engineering interpretation of the results. The response of dams due to the different and varying influences on the
structure and its surrounding can be monitored by sensors, such as pendulums, extensometers, inclinometers, rockmeters,
fiber optic sensors, and geodetic methods such as levelling, tacheometric observations, and methods of Global Navigation
Satellite Systems. On concrete dams, pendulum measurements and geodetic observations in traverse or triangulation
networks are usually used to assess horizontal displacements of different elements or parts of the structure.

The advantages of the pendulum system in comparison with the geodetic monitoring systems are higher resolution
and precision. The advantage of the geodetic methods is that they can be used to monitor different parts of the dam,
that is, dam crests, foundations, abutments, and surrounding areas such as slopes and unstable rock masses along the
water reservoir. However, geodetic observations are more expensive; therefore, measurement campaigns are generally
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less frequent, usually once or twice a year. With the radical developments in telecommunications, both systems can be
easily included in automatic monitoring systems.

For an assessment of the measured displacements, captured by different sensors and methods, a variety of different
analysis techniques can be used. The main intention of the dam safety control activity is to compare the actual response of
the structure measured by different sensors, with predictions estimated by a mathematical model, with the aim of detect-
ing anomalies early and preventing failures.1,2 The forces on the dam induce reversible and irreversible deformations.
The main phenomena related to the loads that originate the reversible deformations in concrete dams in operation are
the reservoir water level and the water and the air temperature variations. Furthermore, the consequences of the changes
that occur in the dam body during the lifetime, for example, the swelling, are irreversible deformations. The main three
influences can be decomposed using a well-known empirical hydrostatic-season-time (HST) model, described in.3 The
practical implementations of the HST-model are given, for example, in previous studies.4-7 Further references with the
practical implementation of the HST-model are given in Salazar et al.8

In many cases, the residual time series can still expose some deterministic pattern after the estimation of an optimal
HST-functional model. In order to fulfill the presumption of the regression analysis, that is, for the residuals, it is assumed
they have a Gaussian distribution with zero mean and variance 𝜎2

𝜀 , and are uncorrelated in time domain, and to get a more
accurate estimate of unknown parameters of interest and their uncertainties, the periodic errors should be appropriately
analysed. In the case of deterministic pattern with underlying periodicities, frequency analysis methods can be imple-
mented to detect possible statistically significant frequencies in residual time series. The functional model can then be
extended by sinusoidal functions with estimated frequencies of underlying periodicities. Depending on the type of data,
the Fourier transform can be used for the data sets with evenly spaced data,9 otherwise the Lomb–Scargle normalised
periodogram (LSNP),10 and least squares spectral analysis (LSSA) are proposed in previous studies.11,12

The results of previous works involving data from a concrete dam and an embankment dam, in previous studies4,13

showed that the residuals can still expose small underlying periodicities after implementing an HST-model. The main
intent of the presented work is a reevaluation of the HST-model, which is widely used for data analysis of primarily
concrete dams due to its simplicity. In this case study, the LSNP is therefore adopted for the periodicity identification in
order to examine further—presumed nonannual—frequencies in residual time series after fitting the HST-model to the
displacement time series. Here, the measurement data from the Alqueva dam, a concrete arch dam in Portugal, for the
time span of 8 years are analysed. For the measurement data of the topmost reading station of the pendulum system that
is installed in the central cantilever of the dam, an optimal HST-model is defined for the radial direction. The unknown
coefficients of the model are estimated using a multiple linear regression (MLR). In the process of defining an optimal
model, the backwards elimination and the parameter selection through the Bayesian Information Criterion (BIC) and
the Akaike Information Criterion (AIC) are used and compared. After defining the optimal HST-model, the residual time
series are further analysed for remaining underlying nonannual periodicities using the LSNP frequency method, because
the data are captured manually and are nonequidistant. In order to detect and interpret possible correlations with the
water level and the temperature, the periodograms were also used to analyse these time series.

The paper is organised as follows. After the introduction, the HST-model, regression analysis, and LSNP frequency
method are described in Section 2. In Section 3, the data used are described. In Section 4, the proposed methods are
implemented on the data, and the numerical results are interpreted. The conclusions are outlined in Section 5.

2 MATHEMATICAL BACKGROUND

2.1 Hydrostatic-season-time model
The HST-model is an empirical model and is based on the previous measurements of the dam response for some period.
It was first proposed by Willm and Beaujoint and has since been widely used for data analysis of concrete dams.14 This
and additional models that can be used for analysis of the dam response to external forces, are described in the Swiss
Committee on Dams.3 With the HST-model, three main influences on the dam are modelled:

• the influence of water level in impounding reservoir,
• the influence of air and water temperature, and
• the influence of various processes, whose effects are irreversible or not fully reversible deformations, and may thus

accumulate in the lifetime of the dam.
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For modelling the water level influence on the displacements, that is, hydrostatic pressure, a polynomial function of up
to 4th degree is used:

Hi = a1 · hi + a2 · h2
i + a3 · h3

i + a4 · h4
i , (1)

with the relative water level hi at the epoch ti: hi =
h(ti)−hmin
hmax−hmin

. In Expression (1), hmax and hmin denote a maximal and a
minimal water level, respectively, and h(ti) is a water level for an epoch of observations, ti, i = 1, 2, … ,N. The water levels
are given in [m].

Thermal effects on the dam behaviour are related to seasonal temperature variations and can be modelled indirectly by
a linear combination of sinusoidal functions3:

Si = b1 · sin(𝑓a · ti) + b2 · cos(𝑓a · ti) + b3 · sin2(𝑓a · ti) + b4 · sin(𝑓a · ti) · cos(𝑓a · ti), (2)

with an annual frequency 𝑓a = 2Π
△ta

and △ta = 365, 25 days for the daily data.
For modelling long-term irreversible deformations, strictly monotone functions are proposed.3 In the case study, the

sum of a linear term and a negative exponential function of reduced time, 𝜏 i = (ti − t1)∕(tN − t1), during the analysed
period, [t1, tN], is used:

Ti = c1 · 𝜏i + c2 · e−𝜏i . (3)
The HST-model can be written for an epoch ti as:

𝑦i = 𝑦̂i + 𝜀i = k + Hi + Si + Ti + 𝜀i, (4)

with 𝑦̂i as the model prediction corresponding to the measurement yi with an error 𝜀i, and k as an initial constant.

2.2 Multiple linear regression
The optimal parameters of the HST-model in Equation (4) can be estimated with MLR. The widely used technique of
fitting the model to the data is the method of least squares, which minimises the residual sum of the squares,

∑N
i=1 𝜀

2
i →

min, where N is the size of measured data. The matrix form of MLR is given as,15:

y = X · 𝛽 + 𝜖, (5)

with:

• vector of unknown regression coefficients 𝛽 i,

𝛽[k𝑗 × 1] = [ 𝛽1 𝛽2 𝛽3 … 𝛽k𝑗 ]T ,

with the number of included parameters kj, corresponding to 11 unknown parameters of the HST-model, k, a1 − a4,
b1 − b4, c1 − c2 (Equation 4),

• vector of dependent variables,
y[N × 1] = [ 𝑦1 𝑦2 𝑦3 … 𝑦N ]T ,

in the HST-model corresponding to measured displacements,
• vector of residuals, and

𝜖[N × 1] = [ 𝜀1 𝜀2 𝜀3 … 𝜀N ]T ,

• design matrix or matrix of the levels of the kj regressor variables,

X[N × k𝑗 ] =
⎡⎢⎢⎢⎣

x11 x12 x13 … x1k𝑗
x21 x22 x23 … x2k𝑗
⋮ ⋮ ⋮ … ⋮

xN1 xN2 xN3 … xNk𝑗

⎤⎥⎥⎥⎦ .
In order to keep the model as robust to outliers as possible and to avoid the problem of multicollinearity between the

variables, an optimal model should be defined within a set of all possible models of the statistical model class chosen
for a specific case study. The statistical parameters, such as the multiple coefficient of determination, R2, and residual
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mean square error, MSE, and its root value, RMSE, often select a model candidate with more free parameters than an
optimal one, which can lead to a model with (strongly) correlated variables. Multicollinearity can cause difficulties in the
proper specification and the effective estimation of the structural relationship type.16 Furthermore, significant residuals or
significant influences can be overlooked, because the identified model depends too much on the data, in which the noise is
present.15 The well-known AIC and BIC methods for parameter selection with penalty terms against overparametrisation
can be used for model ranking.* The methods present a more objective attempt than a backwards elimination because the
significance of each parameter depends strongly on the set of included parameters. The formulas used in the computations
(Section 4) are given in Yuen et al.18 and are modifications of the original formulas proposed in Schwarz19 and Akaike.20

The optimal model is defined by maximizing the objective function AIC over model candidates 𝑗 , 𝑗 = 1, 2, … ,NC:

AIC(𝑗) = ln L𝑗 − k𝑗 , (6)

or the objective function BIC:

BIC(𝑗) = ln L𝑗 −
1
2
· k𝑗 · ln N, (7)

with kj the number of parameters included in j-th model and the likelihood function Lj of the model 𝑗 :

L𝑗 = (2 · 𝜋)−N∕2 · 𝜎−N
𝜀 · exp

[
− N

2 · 𝜎𝜀
· Jg

]
, (8)

where Jg is the goodness-of-fit function:

Jg =
1
N

·
N∑

i=1

⎡⎢⎢⎣𝑦i −
k𝑗∑
𝑗=1

xi𝑗 · 𝛽𝑗
⎤⎥⎥⎦

2

. (9)

For residuals, it is assumed they have a Gaussian distribution with zero mean and variance 𝜎2
𝜀 , 𝜀i ∼ N(0, 𝜎2

𝜀 ) and are
uncorrelated, 𝜎(𝜀i, 𝜀j) = 0 ∀i, j ∋ i ≠ j.

2.3 Lomb–Scargle normalised periodogram frequency method
After defining the optimal HST-model, the residual time series can be further analysed for possible remaining underly-
ing periodicities, which should be analysed and extracted in order to get a reliable estimate of unknown parameters in
the HST-model and their uncertainties. The underlying periodicities can be compensated by the inclusion of additional
sinusoidal terms of significant frequencies into the model.

Spectral analysis or frequency domain analysis provides an alternative way of interpreting the underlying process of the
time series and can be a useful tool for some applications. It enables the estimation of unknown significant periodicities in
time series of different measurements, to extract natural frequencies, to analyse similarities in response of different parts
of a structure, and to estimate possible correlations between measured influences and measured responses of a structure.

In order to identify periodic effects, frequency methods are usually used. In frequency analysis, two cases should be
distinguished—time series with a constant time sampling and time series with unequally spaced data and data gaps
present. In the first case, the Fourier transform (FT) can be used.9 Otherwise, the frequency methods such as LSSA and
LSNP are proposed. The frequency methods are for example very popular for analysing periodic signals in GPS/GNSS
time series for geodynamic purposes or structural monitoring. The influence of local environmental effects such as rain,
temperature, or earth crust load on the coordinate time series of selected IGS (International GNSS Service) stations was
analysed by continuous wavelet transform signal reconstruction.21 The residual time series after adopting a site motion
model, which is used on the time series of permanent GPS/GNSS stations for analysing crustal deformations and other
geophysical phenomena of plate tectonics, were analysed for underlying periodicities by LSSA in Nobakht et al.22 In
Erol,23 the LSSA was used on time series captured by inclination sensors and GPS data for continuous monitoring of a tall
building in order to detect natural frequencies and possible anomalies. In Zhang et al.,24 the authors adopted a fast FT
algorithm for detecting the local dominant frequencies of two sets of GNSS real bridge data. In Pytharouli and Stiros,25

*The adjusted R2 statistic, R2
ad𝑗,k𝑗

= 1 − (N − 1)∕(N − k𝑗 ) · (1 − R2
k𝑗
), kj is a fixed number of variables, Montgomery et al.,17 is another simple statistical

indicator that takes the number of model parameters into account, but for N ≫ kj, as in our case, R2
ad𝑗,k𝑗

≈ R2
k𝑗

.
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discrete FT (here, a 3rd-order polynomial fitting and a moving window of four observations were used for data interpola-
tion) and Lomb normalised peridogram were adopted to examine whether the geodetically captured displacement time
series of monitoring points on the crest of a concrete dam containing periodic signal/s and its/their correlation with the
water level fluctuations. Both methods were compared with trigonometric-polynomial fitting. The results confirmed the
capability of spectral analysis techniques, especially of the Lomb normalised periodogram for analysing nonequidistant
data, for detecting a dominant annual period even in very infrequently spaced data: two surveying campaigns per year on
average. In continuation of this work,26 the authors compared the results of Lomb normalised peridogram with LSSA, and
introduced also some further case studies such as analysing geodetic observations of ground deformation (convergence)
during the tunnel excavation.

In continuation, we summarise the LSNP, which will be adopted in the presented case study. The LSNP algorithm was
developed by Lomb10 and Scargle.27 The algorithm is proposed for spectral analysis of evenly or unevenly spaced data. A
set of observations, {yi = y(ti), i = 1, 2, … ,N} is modelled as10,28:

𝑦𝑓 (ti) = aL · cos(𝜔 · (ti − 𝜏)) + bL · sin(𝜔 · (ti − 𝜏)),† (10)

where the periodogram at the frequency f is estimated as,27:

P𝑦(𝑓 ) =
1

2 · 𝜎2

([∑
i(𝑦i − 𝑦̄) · cos(𝜔 · (ti − 𝜏))

]2∑
icos2(𝜔 · (ti − 𝜏))

+
[∑

i(𝑦i − 𝑦̄) · sin(𝜔 · (ti − 𝜏))
]2∑

isin2(𝜔 · (ti − 𝜏))

)
, (11)

where 𝜔 is the angular frequency, 𝜔 = 2𝜋f, and 𝑦̄ and 𝜎2 are the mean and variance of the measurements. Time delay 𝜏

is defined by the inverse of the tangent function:

tan(2𝜔𝜏) =
∑

i sin(2 · 𝜔 · ti)∑
i cos(2 · 𝜔 · ti)

. (12)

After computing the LSNP, the assessment of statistical significance of periodogram peaks is performed. Namely, the
data quality and quantity are reflected directly in the height of the peak in relation to the background noise. The typical
approach to quantify the significance of a peak in the spectrum Py(f) is the False Alarm Probability (FAP), which measures
the probability that a dataset with no signal (noise only) would lead to a peak of a similar magnitude. Previous studies27,29

showed that the power at a given frequency Py(f) follows an exponential probability distribution in the case of the null
hypothesis: the data is composed of independent Gaussian random variables. The statistical significance of a frequency
power peak can be computed as follows. Denoting the height of the LSNP at a preselected frequency f as z = Py(f),
the probability distribution of a power peak z is given by Pr(z) = e−z, with the cumulative probability of observing a
periodogram value less than z, in data with no periodic signal27,29:

F(z) = 1 − e−z. (13)

The interest is the distribution of the highest peak of the periodogram.29 Considering the maximum value of the peri-
odogram, z = maxMP𝑦( 𝑓 ), and statistical penalty for inspecting a large number of frequencies, the probability that none
of M independent frequencies, f1, f2, … , fM, give values Py(f1), Py(f2), … , Py(fM) larger than z is (1− e−z)M, the FAP of the
null hypothesis, that is, the significance level of any peak z in Py(f) is27,30:

p = FAP(z) = 1 − (1 − e−z)M . (14)

The power level limit, z0, for a chosen value of p (significance level) is computed as:

z0 = − ln(1 − (1 − p)
1
M ). (15)

z0 presents the power spectral density level above which the detected frequency power is statistically significant with
(1 − p)-confidence level. A low probability value p indicates a high degree of power peak significance in the associated
periodic signal. Further possibilities of computing FAP are discussed in Baluev31 and Zhou and Sornette.32

†y(ti) denotes an observation at time step ti and yf(ti) its corresponding estimated value modelled by cosine terms of some frequencies. Their relation
can be written as follows: y(ti) = yf(ti) + 𝜀i.
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In the presented case study, the LSNP is iteratively adopted on different data sets in order to examine also nonannual
periodicities: on direct displacement observations in the first step and subsequently on residual time series after adopting
the optimal HST-model and its extended form. In each iteration step, we have a new data set (i.e., direct observations or
residuals after adopting some model) and the periodograms expose different scatter of frequencies, which are tested for
their significance by the FAP test. In order to analyse possible correlations of nonannual periodicities with the water level
and the temperature, the LSNP was computed also for these time series.

3 CASE STUDY: ALQUEVA CONCRETE ARCH DAM

In the numerical evaluations, the measured data which are part of the monitoring system on the Alqueva dam are pro-
cessed and analysed. The dam is located on the Guadiana River and is designed as a multipurpose dam for irrigation,
water supply, electric power generation, and outdoor activities in the Alentejo region, in south Portugal. The main struc-
ture is a concrete arch dam, with a maximum height of 154 m, measured from the foundation bottom, and a crest length
of 458 m. Its hydrological basin has an area of 55, 000 km2. The dam was built between 1998 and 2002. The first filling of
the reservoir began in February 2002. In January 2010, the lake was filled to the planned level (full storage water level at
an elevation 152 m, Figure 2), with a reservoir surface area of 250 km2.33

The installation of monitoring equipment and formulation of the safety control procedures of the main structure were
carried out during the construction, according to the monitoring plan.34 The monitoring plan also includes safety pro-
cedures to be followed during different periods of the dam maintenance, according to the Portuguese regulations.35 The
plan was complemented by different technical plans, including one with requirements for geodetic monitoring of the
dam.33,36-38

3.1 Measurements
Eight inverted pendulums have been installed in the dam body (Figure 1), to measure horizontal displacements. Each
inverted pendulum system consists of a stainless steel wire anchored in the stiff rock beneath the structure, with a
float fixed at its upper end. The absolute internal lateral displacements at several reading stations located along the
steel wire in inspection galleries are measured in the radial (orthogonal to the downstream face of the block) and
tangential (parallel to the downstream face) direction. Sensor readings are done manually, with weekly periodicity
in the first years (2000–2004), which were reduced to one or two readings per month after 2005. In the paper, the
measured data for radial direction at the topmost reading station, 17, of the pendulum FP4 installed in the central
cantilever (middle of the dam, at the height 148.25 m) are analysed. The displacement variations in tangential direc-
tion are near zero and lie within measurement uncertainties, in the range ±1 mm for all pendulum reading stations.
In order to perform the evaluations independently from different time spans of the registered data, the analyses are
done for the period of 8 years, between January 1, 2004, and November 31, 2011. For this period, all of the measured
values are available, and at the end of year 2003, the water level reached the height of the topmost reading station
of the central pendulum, FP4-17 (Figure 2), which remains below the water level for the whole period of data avail-
able. The period before December 4, 2003, presents the first filling of a reservoir and should be analysed separately,

FIGURE 1 Pendulum systems with horizontal inspection galleries
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FIGURE 2 Water level with position of pendulum reading stations and temperature sensors and planed (maximum) water level

FIGURE 3 Radial displacements in [mm] for five reading stations along the pendulum FP4

which is not the scope of presented work. In the analyses, the time series of following manually captured values are
included:

• readings in the radial direction at the topmost reading station of the pendulum in the central cantilever, FP4-17
(Figure 3),

• readings at the temperature sensors T30-T34 at the height 113 m: T30 and T31 are installed on the water side, T32
approximately in the middle, and T33 and T34 on the air side of the dam structure; readings at the central temperature
sensor, T32, are done with higher frequency, (Figure 4),

• readings at the temperature sensors T62-T66 at the height 141 m: T62 and T63 are installed on the water side, T64
approximately in the middle, and T65 and T66 on the air side of the dam structure; readings at the central temperature
sensor, T64, are done with higher frequency (Figure 5),

• readings of the air temperature at the meteorological station located near the dam, with the data up to November 31,
2011, and after July 1, 2014 (Figures 4 and 5), and

• readings of the water level in impounding reservoir (Figure 2).

The temperature readings are not directly modelled in the HST-model. In this case study, they are used to analyse
potential correlations of periodicities in residual time series of the HST-model with the frequencies in temperature time
series and for the interpretation of the first.
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FIGURE 4 Temperatures measured at sensors T30-T34, at the height 113 m, and air temperature measured at meteorological station
(black dots)

FIGURE 5 Temperatures measured at sensors T62–T66, at the height 141 m, and air temperature measured at meteorological station
(black dots)

4 NUMERICAL ANALYSES AND RESULTS

4.1 Model selection
The main intent of this work is to analyse the frequencies of the remaining periodic signal in the residual time series,
their statistical significance, and the contribution of the additional sinusoidal terms in the optimal HST-model to the
reduction of residuals. In order to perform analyses and interpretation based on a representative time period, the data for
the periods January 2004 and October 2011 were analysed. Namely, the water level reaches the elevation of temperature
sensors T62–T66 at the end of the year 2003, which remain below the operating water level afterwards. After the year
2011, the data of the air temperature at the meteorological station are not registered continuously.

The optimal HST-model for the prediction of radial displacements in the FP4-17 (at the height 148.25 m) was first
defined by the iterative backwards elimination of statistically nonsignificant parameters (c1, b3, a1), where a test statistic
for hypothesis testing of estimated regression coefficients, given in Montgomery et al.17 and used for a case study of an
embankment dam in Gamse and Oberguggenberger,4 for a 95% confidence level was used. The selection of parameters
was checked by the BIC and AIC classification, where the HST-model with the statistically significant parameters k, a2,
a3, a4, b1, b2, b4, and c2 was the 8th and 3rd topmost model within NC = 2(11−1)−1 = 1023 model candidates. The constant
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TABLE 1 Parameter values with standard deviations, [mm], of the optimal HST-model for the prediction of radial
displacements in the FP4-17 (at the height 148.25 m); parameters a1, b3 and c1 are estimated as statistically non-significant

k, 𝜎 a1, 𝜎 a2, 𝜎 a3, 𝜎 a4, 𝜎 b1, 𝜎 b2, 𝜎 b3, 𝜎 b4, 𝜎 c1, 𝜎 c2, 𝜎

parameter [mm] −7.065 −37.831 59.988 −30.307 −8.388 −3.521 −0.560 16.655
stan.deviation [mm] 0.419 5.401 12.849 7.869 0.101 0.098 0.096 0.438

FIGURE 6 Hydrostatic, seasonal and time influence estimated by the optimal hydrostatic-season-time-model for the prediction of radial
displacements in the FP4-17 (at the height 148.25 m)

term is included in all of the model classes, and the remaining 10 parameters (a1 − a4, b1 − b4, c1 − c2) constitute the
model class candidates. The R2 and RMSE values are 0.99 and 0.99 mm, respectively. The parameter values with standard
deviations for the optimal HST-model are given in Table 1. The seasonal term involves three parameters, b1, b2, and b4,
for indirect modelling of the temperature influence on the dam. The hydrostatic influence is modeled by the a2, a3 and
a4 parameters. For the time component, the negative exponential function exposes much stronger significance than the
linear term, with p-values for the corresponding coefficients p(c1) = 0.93 and p(c2) = 2.73 · 10−7, which indicates a
good tendency of stabilisation of long-term displacements with time and coincides with the expectation from the visual
estimation of displacements in Figure 3.

The estimated parameters constitute model regressors which enable the computation of hydrostatic, seasonal, and time
influence (Figure 6). The amplitude of the seasonal term amounts to 9.06 mm for the period 2004 − 2011.

4.2 Displacement and residual time series analysis using Lomb–Scargle normalised
periodogram
In finding observations (in our case measured deformations) that are outliers for the estimated model, the residuals are
tested to a limit bound d, as proposed in3: |𝜀i| = |𝑦i − 𝑦̂i| < d. (16)
If the difference is bigger than d, the value yi is identified as unexpected and demands an analysis of the possible reasons
of discrepancy. The value d is usually a multiple of the reference standard deviation 𝜎̂, computed for some reference,
calibration period3,39,40:

𝜎̂ =
√

(𝜀2
1 + 𝜀2

2 + … 𝜀2
N)∕(N − k𝑗). (17)

The limit bound for analysed data amounts to d = 𝜎̂ = 1.01 mm. The residuals with d- and 2 · d-limit bound for the
optimal HST-model are plotted in Figure 7. The reason for a larger outlier in year 2007 lies most probably in the measured
water level (Figure 2). The residual plot and autocorrelation of residuals (Figure 8) indicate underlying periodicity(ies)
and time correlation of residuals.

The main intent of the work is to analyse the remaining systematic pattern. Namely, the basic assumption of the sta-
tistical regression model is a zero mean error 𝜺 with a constant variance 𝜎2

𝜀 and uncorrelated components, 𝜎(𝜀i, 𝜀j) = 0
∀i, j ∋ i ≠ j, with a normal distribution, 𝜀i ∼ N(0, 𝜎2

𝜀 ). A frequency analysis was adopted for estimating the unknown fre-
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FIGURE 7 Residuals for the optimal HST-model for the prediction of radial displacements in the FP4-17 (at the height 148.25 m), with d-
and 2 · d-limit bound

FIGURE 8 Autocorrelation of residuals for the optimal HST-model for the prediction of radial displacements in the FP4-17 (at the height
148.25 m)

quencies of underlying periodicities and their statistical significance. Due to the fact that the data are unevenly spaced,
the LSNP frequency method is used. By iteratively adding additional sinusoidal terms of significant frequencies into the
optimal HST-model, the deterministic signal is separated from the residual time series and remaining errors should tend
to a random distribution.

First, it is necessary to define the frequency limits and the grid spacing of the periodogram. The frequency limit on
the low end for a set of observations spanning a length of time T = tmax − tmin can be chosen as fmin = 1∕T; in our
case T = 2850 days. The minimum frequency fmin completes one oscillation cycle. Often, it is more convenient to set the
minimum frequency to zero, as it does not add much of a computational burden and is unlikely to add any significant
spurious peak to the periodogram. The high-frequency limit is more interesting. In order to not miss relevant information,
it is important to compute the periodogram up to some well-motivated limiting frequency fmax.29 In our case, the upper
limit is based on the Nyquist limit, which is defined by the temporal resolution. The upper limit to the Nyquist frequency,
fN, for the observations that are separated by integer multiples of some underlying time-unit 𝛿* can be written as41:

𝑓max = 𝑓N = 0.5∕𝛿∗ = 0.5 · 𝑓s. (18)

The sampling rate in a frequency domain, fs, of a discrete signal is in our case fs = (1cycle)∕(1day), with 𝛿* = 1 day as the
minimal temporal resolution. The periodogram exposes symmetry above the Nyquist frequency.

Furthermore, an appropriate oversampling interval or frequency grid has to be chosen for the periodogram to suc-
cessfully detect all statistically significant frequencies in the predefined frequency range. Too coarse a grid can lead to a
periodogram that entirely misses the relevant peaks. To ensure that the grid sufficiently samples each peak, it is prudent
to oversample by some factor n0 and use a frequency grid of size △f = 1∕(no · T). But if too fine a grid is chosen, it can
lead to unnecessarily long computation times. The number of required periodogram evaluations is Neval = n0 · T · fmax.
The values n0 ranging from n0 = 4 to n0 = 10 are suggested.29,30 For periodograms computed and discussed in this con-
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FIGURE 9 Top: Lomb–Scargle normalised periodogram with power level limits, z0, corresponding significance levels
p = .50, .10, .01, and .0001. Below: probability distribution of frequency power; for measured displacements (left) and for residuals of the
optimal HST-model (right)

tribution, the sampling factor n0 = 10 is used. Tests with different values of the sampling factor n0 were done, also larger
than 10. The computations confirmed that a larger value of the sampling factor does not contribute significantly to the
precision of frequency detection.

After computing the LSNP on displacement time series and residual time series of the optimal HST-model, for the
defined frequency limits and grid spacing, the periodogram peaks are analysed for their statistical significance as described
in Subsection 2.3. In Figure 9, the normalised Lomb–Scargle power spectral density periodogram, Py(f), and diagram of
the statistical significance of frequency power are plotted for frequency range [0, fN] and sampling factor n0 = 10. The FAP
thresholds correspond to the confidence level (1 − p)% of 50, 90, 99, 99.99% (i.e. ,p = .50, .10, .01, and .0001 significance
level) and the number of computed frequencies M = Neval. For displacement time series, the frequencies 0.0027, 0.143 per
day, and an additional low frequency 0.0003 per day, corresponding to the period 370 days (approximately annual period),
7 days, and 9.1 years, prevail as statistically most significant, with the 99.99% confidence level. The frequency 0.283 per
day (corresponding to 3.5 days) was detected at 90%-confidence level. After adopting the optimal HST-model, where the
model incorporates parameters of the sinusoidal term with annual pulsation (Subsection 4.1), which is also detected and
confirmed as the most significant by adopting the LSNP on displacement time series, the LSNP is used to further analyse
underlying periodicities in residual time series. The power spectrum of residual time series detects in two iterative steps
low frequencies of 0.0018 and 0.0023 per day, corresponding to the period 1.5 and 1.2 years, as significant with the 90%-
and 99%-confidence level respectively.

4.3 Interpretation of frequencies and analysis of temperature variations
In Figures 10, 11, 12, and 13, the LSNP of measured water level, air temperature, and temperatures measured at sensors
T30–T34 and T62–T66 are plotted. The statistically most significant frequency, that is, annual frequency, in coordinate
time series, corresponding to the 99.99% confidence level (p = .0001), is justified by a strong temperature influence on
concrete arch dams, with the annual pulsation of air temperature, which is strongly correlated to measured temperatures
in the dam (Figures 4 and 5). The second statistically most significant frequency, which is detected in displacement time
series, that is, 0.143 per day, corresponding to the period 7 days, is detected in all time series except in time series of the
air temperature. The frequency spike indicates the time interval that appears most frequently in unevenly spaced data
(Figure 14). Also in the literature, it is reported that the LSNP detects frequency spikes, which correspond to the most
frequent time intervals of measurements in unevenly spaced data, as statistically significant.29
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FIGURE 10 Lomb–Scargle normalised periodogram of water level with statistical significance

FIGURE 11 Lomb–Scargle normalised periodogram of air temperature with statistical significance

After adopting the optimal HST-model, where the periodical thermal effects are modeled by incorporating the parame-
ters b1, b2, and b4, the LSNP is used in an iterative manner to further analyse possible underlying periodicities in residual
time series. The power spectrum of residual time series detects a low frequency of 0.0018 per day, corresponding to the
period 1.5 years, as significant at the 90% confidence level, and a low frequency of 0.0023 per day, corresponding to the
period 1.2 years, as significant at the 99% confidence level, in the first and second iteration, respectively. The estimated
frequencies are valid within the time period of modelling and were not detected in the time series of measured displace-
ments (Figure 9). After an iterative inclusion of these frequencies into the optimal HST-model, the metrics R2, RMSE,
signal-to-noise ratio SNR, and percentage of their improvement, of the extended HST-model expose slight improvement
(Table 2). Furthermore, the autocorrelation of residuals for the extended HST-model is plotted in Figure 15 and shows
a lower correlation of residuals in the time domain. After two iterations, 18 lags lie outside the 95%-confidence bound,
whereas for the optimal model 46 lags fall outside. Namely, the confidence bound enclose those lags for which the null
hypothesis, that is, the data are randomly distributed, is assumed to hold.

The frequencies, which are detected in the displacement frequency power spectrum as significant with a lower con-
fidence level (Figure 9) do not reach the threshold for p = .50 in the frequency power spectrum of residual time
series.
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FIGURE 12 Lomb–Scargle normalised periodogram of temperature sensors T30–T34 at the height 113 m, with p = .50, .10, .01, and .0001
significance levels (from lowest to the top)

FIGURE 13 Lomb–Scargle normalised periodogram of temperature sensors T62–T66 at the height 141 m, with p = .50, .10, .01, and.0001
significance levels (from lowest to the top)

The optimal HST-model includes parameters k, a2, a3, a4, b1, b2, b4, and c2. The extended model in the 1st iteration
is obtained by adding sine and cosine terms with the frequency f1 to the optimal HST-model, and in the 2nd iteration,
additional sine and cosine term with the frequency f2 are added to the extended model of the 1st iteration.

From the graphical presentation of displacements estimated by the optimal HST-model and estimated displacements
after the model extension (Figure 16), it can be seen that the extended model slightly improves the modelling of peaks.
Changes in annual amplitudes after adopting the extended HST-model are plotted in Figure 17. It is expected that both
models—the optimal one and the extended—will expose a similar trend with slight deviations at annual peak amplitudes
also for the prediction, which can be seen in Figure 18.
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FIGURE 14 Histograms of measurement intervals

TABLE 2 Metrics R2, RMSE and SNR, with the percentage
of their improvement, for the optimal HST-model and the
extended HST-model after iterative inclusion of sinusoidal
terms for two statistically most significant frequencies

HST-model Metric / Value Improvement (%)
optimal model R2 0.99

RMSE [mm] 1.01
SNR 18.40

extended model-1.iteration R2 0.99 0%
f1 = 0.0018 RMSE [mm] 0.96 5.0%

SNR 18.84 2.4%
extended model-2.iteration R2 0.99 0%
f2 = 0.0023 RMSE [mm] 0.88 8.3%

SNR 19.66 4.4%

Abbreviations: HST, hydrostatic-season-time; RMSE, root mean square error; SNR,
signal-to-noise ratio.

FIGURE 15 Autocorrelation of residuals after the inclusion of two additional periodicities into the optimal hydrostatic-season-time-model

5 CONCLUSIONS

The empirical HST-model has been widely used for the analysis of displacement measurements, captured by different
types of sensors, primarily on concrete dams. The residual time series, resulting after adopting an optimal HST-model for
the data, can still expose underlying periodicities. In order to fulfill the preassumption of the regression analysis, and to
assure a reliable estimate of model parameters, the deterministic patterns in residual time series should be analysed and
extracted.

The displacements at the highest points of pendulum systems for any concrete dam are strongly influenced by the
thermal effect. In the presented case study, there were two relative fast fillings in the reservoir for the analysed period
that additionally influence the temperature variations in the dam body (at the highest levels). Therefore, the use of only
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FIGURE 16 Comparison of measured and estimated displacements for the optimal and extended hydrostatic-season-time-model (1st and
2nd iteration)

FIGURE 17 Annual amplitudes for air temperature, radial displacements, and residuals for an optimal and extended
hydrostatic-season-time-model

one sinusoidal term with 1 year period to represent the temperature effect in the optimal HST-model may not be the best
solution in the presented case study.

The main intent of the research work is to estimate—presumed nonannual—underlying periodicities in residual time
series after adopting an optimal HST-model, their statistical significance, and their possible correlation to underlying
periodicities in measurement time series of influential effects (water level and temperature) on the dam, and to assess their
contribution in the minimisation of the residuals, in an iterative manner. Because the measurement data were captured
manually, with an uneven time interval, except for the air temperature, the LSNP frequency method was used to analyse
the frequencies of underlying periodicities.

The LSNP of time series of measured displacements detects and confirms the annual frequency as the statistically most
significant. The periodicity is substantiated by a strong influence of the temperature, which follows an annual period,
which is a well-known fact for concrete dams. A further frequency, detected as statistically highly significant at the 99.99%
confidence level, corresponds to the period of 7 days and is interpreted as the time interval that appears most frequently
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FIGURE 18 Predictions for an optimal (solid line with dots) and extended hydrostatic-season-time-model (dashed line)

in unevenly spaced data for all time series. Such effects are discussed in VanderPlas,29 presented on an astronomical case
study. Also in our case study, the spectral analysis of available different types of unevenly spaced data with sufficiently high
sampling rates confirms this. The authors would like to stress that by adopting spectral analysis techniques for engineering
purposes, the detected significant frequencies should be analysed for their possible correlation with the sampling intervals
first.

After adopting the optimal HST-model, which involves modelling of the annual period, the LSNP is used to analyse
residual time series in an iterative process. Namely, the frequency power spectrum detects statistically significant signals
in relation to the background noise. A low frequency of 0.0018 per day, corresponding to the period of 1.5 years, and a
low frequency of 0.0023 per day, corresponding to the period of 1.2 years, were detected as significant at the 90% and 99%
confidence level in residual time series, in the first and second iteration, respectively. Adding additional sinusoidal terms
for these two frequencies to the optimal HST-model contributes slightly to the improvement of the model error metrics
and to the reduction of the residuals and their correlation in time domain. The extended HST-model shows predomi-
nantly an improved modelling of the changes in displacement amplitudes (Figure 17). Namely, in radial direction, the
influence of the temperature is more significant, and the changes in temperature amplitudes influence directly the ampli-
tudes of measured displacements, which are not directly modeled in the HST-model. Because the maximal improvements
after adopting the extended HST-model amount up to 1.2 mm at the amplitudes of approximately annual periodicity, the
extended model presents predominantly the statistical improvement of the optimal HST-model and does not influence
the data interpretation and safety assessment with decision-making for the analysed pendulum reading station.

In order to utilise fully the potential of spectral analysis, the proposed methodology should be adopted for all reading
stations of eight pendulum systems to examine whether some part of the dam exposes similar statistically significant
frequencies. In this case, further attempts for their physical interpretation should be conducted.
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