Calibration of partial safety factors using FORM

Calibracao de coeficientes parciais recorrendo ao método FORM

Abstract

Partial safety factors present in codes are defined for the design of
broad populations of structures. As a consequence, they do not always
reflect correctly the uncertainties for specific existing structures. The
possibility of adjusting them has therefore great interest when assessing
an existing structure. The concept of design point connected to FORM
offers a simple method to calibrate partial safety factors for individual
variables. This paper discusses the overall methodology and develops a
set of analytical expressions for the probabilistic models more common
in structural reliability.

As it will be seen the partial factor for a particular variable can be adjusted
once defined: (1) probabilistic model used to describe the uncertainty
in that variable; (2) coefficient of variation of the variable; (3) fractile
implicit on the characteristic value used to quantify the design value;
(4) importance of the variable in the limit state under consideration
(measured by the respective sensitivity factor), and (5) target reliability
index.

The choice of the probabilistic model influences significantly the partial
factors and this influence rises as the coefficient of variation increases.
As a consequence, more attention must be paid when choosing a
probabilistic model for a variable with high coefficient of variation.
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Resumo

Os coeficientes parciais de seguranga especificados nos regulamentos
estdo calibrados para o dimensionamento de popula¢des de estruturas
relativamente vastas. Consequentemente, tais coeficientes nem sempre
refletem corretamente os niveis de incerteza envolvidos em estruturas
especificas existentes. A possibilidade de ajusta-los tem, por isso, grande
interesse na avaliagdo de estruturas existentes. O conceito de ponto
de dimensionamento FORM oferece um método simples para calibrar
coeficientes parciais de seguranca relativos a variaveis individuais. Este
artigo discute o método geral e desenvolve um conjunto de expressdes
analiticas para os modelos probabilisticos mais comuns em fiabilidade
estrutural.

Como veremos, o coeficiente parcial de seguranga de uma varidvel
especifica pode ser ajustado uma vez definidos: (1) modelo probabilistico
usado para descrever a incerteza nessa varidvel, (2) coeficiente de
variagdo da variavel; (3) quantil implicito no valor caracteristico utilizado
para quantificar o valor de dimensionamento; (4) importéancia da variavel
no estado limite em consideragdo (medida pelo respetivo coeficiente de
sensibilidade) e (5) indice de fiabilidade alvo.

A escolha do modelo probabilistico influencia significativamente os
coeficientes parciais e essa influéncia é tanto mais significativa quanto
maior for o coeficiente de variagdo da variavel. Consequentemente, mais
atencdo deve ser dada ao escolher um modelo probabilistico para uma
variavel com alto coeficiente de variagdo.

Palavras-chave: Seguranca estrutural / Coeficientes parciais de seguranca /

/ Calibragdo / FORM / Coeficiente de sensibilidade / Estruturas
existentes
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1 Introduction

Calibration of partial safety factors is of interest not only to code
writers but also to designers of structures and mainly those involved
in the assessment of existing structures. In fact, the partial factors
specified in codes for new structures are applied to vast populations
of structures and might not reflect correctly the level of uncertainty
fora particular existing structure [1]. If relevant statistical information
regarding a given basic variable is available during the assessment of
an existing structure, the possibility of adjusting the partial factor
of that particular variable is of great interest, for that information
can lead to a decrease of uncertainty and a possible reduction in the
partial factor.

The possibility of adjusting the partial factors when assessing an
existing structure can be regarded as an intermediate level between
the method of partial factors, with fixed values as specified in codes
for new structures, and a full probabilistic analysis, which requires
probabilistic information for all basic variables involved and is more
demanding from the practical point of view.

According to EN 1990 [2], the partial safety factors specified in
Eurocodes were calibrated mainly based on a long experience of
building tradition (clause C3 (2)). The same clause mentions that
partial factors might also be calibrated using probabilistic tools. A
general method to calibrate partial factors through probabilistic
tools is described in [3] and in ISO 2394 [4]. This method, however,
is of interest mainly to code writers since its use is not simple for
practical applications. A simpler approach, based on First Order
Reliability Method (FORM), has gained the attention of several
researchers due to its simplicity and has strong application in the
assessment of existing structures domain [5].

A recent recommendation published by fib [6] constitutes an
important step to bring this approach to the practising engineers.
The present paper gives a contribution on this subject, by
discussing the overall methodology and by developing formulas
for probabilistic models common in structural reliability but not
covered by the above fib recommendation, namely Fréchet and
Weibull distributions.

2  Calibration of partial factors using FORM
- General formulation

Consider a limit state function M =g(X,, .., X ), whose safety margin
M depends on n basic variables, X. The function g is defined so that
M < O represents failed states, M = 0 limit states and M > O unfailed
states [4]. According to the partial factor format, the safety to that
limit state is considered acceptable if:

Q(Xw,...,xnd)zo (1)

where each random basic variable X, was substituted by its design
value, X, According to FORM, representing the cumulative
distribution function of X by £ (x), the design value X is given by":

1 The point (X,,,...X ), called design point, is the point belonging to the surface
g = 0 with the highest probability density, being therefore the point where a
possible rupture is most likely to occur.
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Xy =F'(®(-ap)) @)

where @() is the standard Normal cumulative distribution, o is the
FORM sensitivity factor of X, for the limit state under consideration
and B is the reliability index for that limit state.

The sensitivity factor o, measures the contribution of the uncertainty
of the variable X to the reliability B [7]. For a given limit state
M = g(XW,...,Xn), composed by n basic variables, the o-factors have
the following properties:

<0, <1 (3)

>ai=1 (@

For a basic variable X representing an action, its design value is given
by X, = v, X,, where y, is the partial factor and X, the characteristic
value. Thus, a general expression for y, is:

X4 F>(_1(q)(_aXB))
g, = Xe L (@axp)) (5
X, X,
For a basic variable X representing a resistance, the design value is
given by X, = X, /y_, where X is the characteristic value of X and y_
the partial factor of X. Thus, y, can be expressed by:

S 6

" X K((-axB)) (6)
The characteristic value X, in Equations (5) and (6) corresponds in
general to a fractile p of the corresponding distribution functions
F, (e.g. p=0.95 for actions and p = 0.05 for resistances). In this case,
X, is given by:

%= (p) 0

Note that i and y_ depend on the fractile p associated to the
characteristic value used to compute the design value. In the case
of actions, increasing p causes a decrease in 7 and in the case of
resistances, increasing p causes an increase iny .

The value of the reliability index B in Equations (5) and (6) can be
regarded as the target value B, as specified in codes, which depends
on the consequences of failure and on the marginal cost of safety
[8]. Eurocode O [2] defines three Reliability Classes (RC1, RC2 and
RC3), corresponding to low, medium and high consequences.
The target values of the reliability for each Reliability Class
are reproduced in Table 1. As shown, the recommended target
reliability indexes are presented for two reference periods: 1 and
50 years, which correspond to the same level of reliability [9]. The
column “50 years” should be interpreted as the reliability for the
design working life (or residual working life, in the case of existing
structures), irrespective of its duration [10]. When the design
working life is 50 years, then the annual reliability has the value
indicated in column “1 year”.

The target reliabilities specified in Eurocode O [2] are intended
mainly for new structures. For existing structures, it has been
recognized that values lower than these are more appropriate [11],
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as the marginal cost of safety is greater for existing structures. This
subject, although pertinent, is outside the scope of this study, so it
will not be addressed here.

Table 1 Target values of reliability index as specified in [2]
Reliability Reference period
1 Consequences
Class 50 years
s High 5.2 43
RC2 Medium 4.7 38
RCT Low 42 33

The key point of the methodology for calibrating partial factors
using FORM lies in the sensitivity factors. The sensitivity factor
o for a particular variable varies from limit state to limit state.
However, it is possible to identify certain common values of this
factor. The standard ISO 2394 [4] proposes the values shown in
Table 2, which were also adopted in Eurocode O [2]. It should be
noted that these values are generally conservative. For example,
for a limit state composed by only 2 basic variables, one action and
one resistance, the first is naturally the dominant action, and the
second is the dominant resistance. Using then the values proposed
by those standards, the sum of the squares of the a-factors for that
limit state is (- 0.7)? + (0.8)? = 113, which is greater than 1, showing
that the sensitivity factors of —0.7 and 0.8 are conservative when
used together. If there are more than two basic variables, the degree
of conservatism increase.

Table2  Standardized a-values as specified in [4]

Basic variable o

DOMINGING ACLION. ... -0.70
Remaining actions (accompanying actions)......0.40(— 0.70)...... -0.28
Dominating resistance .......... 0.80
Remaining resistances..............coooooo..... (0] (0X=10) IUmm— 0.32

According to Clause C.7 (3) of [2], the values in Table 2 should be
used only if:

016<2£ <76 8)
Gr

where o, is the standard deviation of the dominating load effect
and o, the standard deviation of the dominating resistance. If this
condition is not valid, o = = 1.0 should be used for the variable with
the highest standard deviation and o = + 0.4 for the remaining
variables. The “~” sign is to be used for variables that decrease
reliability (in general loads) and the “+” sign is to be used for variables
that increase reliability (in general resistances).

In the next sections, the standardized a-values and Equations (5)
and (6) will be used to derive expressions for partial factors of basic
variables with specific probabilistic models.

In the specific case of variable actions, Eq. (5) should be applied with
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care. The probability distribution of variable actions refers in general
to the maxima over a reference period. Obviously, the reference
period implicit in B in Eq. (5) must be the same. On the other hand,
the sensitivity factor o for a given variable action depends also
on the reference period, as it depends on the standard deviation
of the action, which, in turn, depends on the reference period. It
can be assumed that the standardized a-values recommended in
[2] applies to the design working life. Then, to obtain vy -factors for
variable actions using (5), the reference period implicit in B and in
the distribution of maxima should be the design working life.

Note also that the partial factors obtained from Equations (5) and
(6) reflect only the uncertainty of the variable itself, as described by
the function £, (-), and therefore cannot be directly compared with
the partial factors specified in Eurocodes, since these also reflect
the uncertainty in models present in the limit state functions. Next
section deals with model uncertainties.

3 Model uncertainties
A limit state function, symbolically represented by M = g (X,,...X ),

describes how the safety margin M is obtained from thé basic
variables X,,..,X . These variables are called basic in the sense
that they are not obtained from others [12]. In the definition of g,
however, it is necessary to use variables other than the basic ones,
that is, variables that are functions of the basic ones. These functions,

or models, are basically of three types, as suggested in Figure 1:

e Action models, Q = Q(X,,...X ), which transform basic variables
into loads.

e Structural models, £ = £(Q), which transform loads into load
effects.

e Resistance models, R = R(X,...X ), which transform basic
variables into resistances, expressed in the same domain as the
load effect £.

Basic variables

X=X ..., Xn)
Actlon model

Resistance model

/\

R=R(X,, ..., Xn)
Structural model
E=E(Q)
Limit state function
M=R-E

Safety condition

M >0& E<R
Figure 1 Models present in a typical limit state function

These models do not translate reality perfectly, due to deliberate
simplifications or neglected effects, which originate new
uncertainties in addition to those included in the basic variables.
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Although such uncertainties are clearly of the epistemic type, they
should be modelled by means of random variables. These variables,
usually represented by the Greek letter 6, should be added to the
vector of the basic variables and are usually included in a model
Y=Y (X,..X ) in one of the following formats: ¥ =0 - Y (X,,..,.X ) or
Y=0+Y(X,..X ) [13]. The first format is more common [14] and will
be used in the present study.

31  Uncertainty in action and in structural models

Let 0, be the random variable accounting for the uncertainties in
both actlon models and structural models. If £(X,...X ) represents
the load effect as given by those models, and £ the true load effect,

the variable 6, is defined so that:

E=0,-E(X,...X,) )

Consequently, according to the partial factors method, the design
value of £ is given by:

Ey=0e5-E(Xigye. s Xog) (10)

where 0, represents the design value of the variable 0,. On the other
hand, according to EN 1990 [2], £ ,is given by:

Ey=Ysg-E(Xigreres Xng) m)

where y_ is the partial factor associated with the uncertainty of
the action and structural models. Comparing (11) to (10) it follows
that the partial factor vy,, coincides with the design value 0, Thus,
representing the CDF of 6, by F,(), Eq. (2) yields:

Yso :Fej(CD(—chB)) (12)

where a,, is the FORM sensitivity factor of 0,.

Like other basic variables, 6, has its own mean and standard
deviation. Ideally, the mean p,, should be close to 1.0, but frequently
is lesser than 1.0, as the models employed to compute the load
effect £ are often conservative. The mean p,, can be regarded as
a measure of the accuracy (bias) of those models, that is, their
ability to predict load effects with mean close to the real value. The
standard deviation &, can be regarded as a measure of the precision
of the same models, that is, their ability to predict load effects with
little dispersion between each other. The lack of precision can be due
to variables neglected in the structural analysis. For example, there
may be environmental influences that may affect the response of
the structure but are not normally taken into account.

The variable 6, is in general modelled by a Lognormal distribution
[13,15].

3.2 Uncertainty in resistance models

Let 6, be the random variable accounting for the uncertainties in
the resistance model underlying a given limit state. If R(X,,...X )
represents the resistance predicted by that model, and R the true

resistance, the variable 0, is defined so that:

R=0;-R(X,,....X,) (13)
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Consequently, the design value of R is given by:
Rd:eRd'R(X1dl~~~/Xnd) (14)

where 0 represents the design value of the variable 6,. According to
EN 1990 [2], R, is given by:

1
Rdzi'R(le---/Xnd) (15)
Vrd

where v, is the partial factor associated with the uncertainty of the
resistance model. Comparing (15) to (14) it follows that the partial
factor y,, coincides with the reciprocal of the design value 0. In this
way, representing the CDF of , by (), Eq. (2) gives:

_ 1
R (@(-0s))

where a,, is the FORM sensitivity factor of 6,.

Vrd (16)

As for the variable 0, the mean of 0, is a measure of the accuracy
of the resistance model and the standard deviation a measure of
its precision. If a resistance model is relatively accurate (small
systematic errors, or small bias), the mean of 6, will be close to 1.00.
(Frequently, the mean is greater than 1.0 due to the usual degree of
conservatism in the resistance models.) If, in addition, the model is
relatively accurate (small random errors) the standard deviation of
0, will be small.

The variable 6, is in general modelled by a Lognormal distribution
[13,14].

4  Partial factors for actions
41 yf-factors
411

Let X be a basic variable representing an action, and assume that
X ~ N(w,0). Considering the expression for the inverse of the Normal
distribution, Eq. (5) leads to:

_u(1-apv)
VET -

Actions with normal distribution

where V = o/ is the coefficient of variation of the variable under
consideration, o is the FORM sensitivity factor of X and B is the
desired reliability index for the limit state under consideration. In
the case the characteristic value X, refer to the fractile p, Eq. (17)
becomes:

T-aBV

T1r07(p)V 1)

Yr

For permanent actions due to selfweight, g, its nominal value refers
frequently to the mean value (instead of a fractile). Hence, for this
specific case, the partial factor is:

Ye=1-aBV (19)
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41.2 Actions with lognormal distribution

For an action with Lognormal distribution, with mean p and
coefficient of variation V, Eq. (5) leads to:

\/#exp(—(xﬁ\/ln(HVz)) (20)

Yr= X,

If X, refers to the fractile p, then X, =F"(p) and Eq. (20) becomes:

¥ :exp(\/ln(1+VZ)(—OLB—@’W(p))) (21)

41.3 Actions with Gumbel distribution

Given an action with Gumbel distribution (also known as Extreme
Type | distribution of maxima) with mean p and coefficient of
variation V, Eq. (5) yields the following expression:

u[1-0.78V(0.58 +In(~nd>(~ap))) | @2)

Tr=
Xi

The Gumbel distribution is frequently recommended in modelling
maxima of variable actions in a given reference period, as is the
case in Eurocodes for climatic actions. Recall that, assuming that o
applies to the design working life, B must also refers to the design
working life (or the remaining working life for an existing structure,
if defined). As a consequence, the reference period implicit in
parameters p and Vin Eq. (22) must be the design working life.

In general the characteristic value of variable actions refer to the
fractile p. In this case Eq. (22) becomes:
1-0.78V(0.58+In(-In®(-aB)))

Y= (23)
1-0.78V(0.58 +In(-In p))

The fractile p is the probability that the characteristic value is not
exceeded in the reference period, which, as mentioned, must be the
design working life. A typical value is p = 0.95 [16], but this is not
always the case in Eurocodes: for example, the characteristic values
of climatic actions refer to the fractile 0.98 of the annual maxima.
Thus, for a structure with a design working life of n years the fractile
for climatic actions to be used in Eq. (23) must be p = 0.98".

As an example, consider a structure for which the wind is a
dominant action (a=-0.7), and assume a coefficient of
variation of 0.13 regarding the annual maxima. Assume that the
structure belongs to the Reliability Class RC2 (B =3.8) and that
the design working life is 50 years. The coefficient of variation
of 013 must be transformed in this period of time, as follows:

V=T/[n+«/€ln50j=0»093. Assuming that the characteristic
1

value is quantified according to the Eurocodes, the yf-factor for the
wind action would be:

_1-078(0.093)(0.58=In(-In®(07x38))) __
1-0.78(0.093)(0.58+In(~1n0.98%))

Yr
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41.4 Actions with Fréchet distribution Table 4 Partial factors for actions, v, (o = - 0.7, p = 0.95)

The Fréchet distribution, also known as Extreme Type Il distribution Consequences
of maxima, is also an important distribution in modelling maxima
of variable actions, namely those connected with extreme
meteorological phenomena [17]. Consider an action whose maxima
follows a Fréchet distribution with shape parameter k (see Annex A 0.05 1.03 1.05 1.06
for details on this distribution). The parameter k is directly related to

Low Medium High
(B=3.3) (B=3.8) (B=4.3)

the coefficient of variation. Table 3 shows values of k corresponding 010 106 109 e
to some values of V. 015 1.08 112 116
Using once more Eq. (5) with X, =F£,7'(p), the following expression for REIED 020 110 115 121
the partial factor of a variable with Fréchet distribution is obtained: : : : :
0.25 112 118 1.24
(e ¥ (24) 0.30 113 120 127
Yr
In®(—ap)
0.05 1.03 1.05 1.07
As before, for variable actions, the fractile p, the reliability index 8
and the parameter k must refer to the design working life. Y e Ll e
015 110 116 1.23
Table3  Values of the parameter k corresponding to different Lognormal
coefficients of variation — Fréchet distribution 0.20 114 1.22 131
0.05 26.41 0.30 1.22 135 1.49
010 13.62 0.05 1.06 1.09 113
015 9.37 010 110 17 1.24
0.20 126 015 114 1.23 134
Gumbel
e 6.01 0.20 118 129 142
U=l >18 0.25 1.21 134 1.49
0.30 1.24 1.39 1.55
41.5 Examples
0.05 1.06 110 115
Table 4 exemplifies values of y -factors obtained using the expressions
presented above, considering different coefficients of variation and 010 112 1.21 131
different Reliability Classes. In all expressions the values o = —0.70 015 118 132 148
and p = 0.95 were considered. Fréchet : - ‘ '
As can be seen, the Fréchet model leads to the highest partial factors, — les 122 e
and the Normal model the lowest. This result was already expected 0.25 130 153 184
considering the weight of the upper tails of these models, which is
smaller in the Normal model and larger in the Fréchet model. It is 030 1.36 1.64 2.03

also seen that the higher the coefficient of variation, the greater the
difference in partial factors obtained in the different models. For low
coefficients of variation, the differences between the 4 models is
relatively small. It can thus be concluded that for high coefficients
of variation the choice of the probabilistic model is more important.

It is also interesting to observe the influence of the Reliability Classes
on the partial safety factors. For usual coefficients of variation
(values between 015 and 0.20), raising a Reliability Class results in
an increase of about 15% in the partial factor.

Figure 2 plots the results shown in Table 4 for the Reliability Class
RC2 (B =3.8). As it is seen, for coefficients of variation larger than
0.38, the Lognormal model becomes more conservative (in the
sense that it leads to higher partial factors) than the Gumbel model.
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221
«=-070, p=095, 3=38 Pl Frecnet
2 =5
o
L
o
L7
R
181 e
£ 7
pag 2
5
8 161 P - Lognormal
©
£ Gumbel
©
%
141
Normal
121
1 | | . | )
0 0.1 0.2 03 0.4 05

Coefficient of variation, V

Figure 2 y-factors as a function for different probabilistic models.

4.2 v, -factors

4.21 General expression

The variable 6, is in general modelled by a Lognormal distribution
[13, 15]. Thus, using the expression for the inverse of Lognormal
model, Eq. (12) yields:

Yso = \/%exp(—af B«Hn(1+\/925)) (25)
OF

where . and V,, are the mean and coefficient of variation of the
variable 6,. If V,, < 0.20, Eq. (25) can be approximated by:

Vs = Mor 'EXP(—OCE ﬁVOE) (26)

The mean p,, and the coefficient of variation V,, reflect the accuracy
and precision of the models used and should therefore be chosen
carefully on a case-by-case basis.

It is possible to find in literature recommendations concerning
statistical parameters of 0,. Table 5 shows the JCSS recommendations
[13]. The Danish guide [18] recommends V,, = 0.04 for structural
models with good accuracy, V. = 0.06 for models with normal
precision and V,, = 0.09 for models with low precision.

Table 5

Probabilistic models for the variable 6,, as recommended
by JCSS [13]

Type of
structural Response Distribution [

model

Moments Lognormal 1.00 0.10
Frame models

Axial forces Lognormal 1.00 0.05
Shear forces Lognormal 1.00 0.10
Shell models Moments Lognormal 1.00 0.20
Forces Lognormal 1.00 010
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4.2.2 Examples

Table 6 exemplifies values of v, obtained using Eq. (25) for different
pairs (i, V,,), considering the case o = — 0.28 (i.e. assuming that
the variable 8, is non dominant, as indicated in Table 2). For models
with p,, <1.00 and small V,,, the y, -factor is less than 1.00, which

OF’

means that those models are globally conservative.

Table 6  Partial factors for model uncertainties of load effects,
Y, (a=-0.28)
Consequences
Low Medium High
(B=3.30) (B=3.80) (B=4.30)
0.05 0.94 0.95 0.95
010 0.98 1.00 1.01
0.90
015 1.02 1.04 1.07
0.20 1.06 1.09 112
0.05 1.05 1.05 1.06
010 1.09 11 112
1.00
015 114 116 118
0.20 118 1.21 1.25
0.05 115 116 117
010 1.20 1.22 1.23
110
015 1.25 1.28 130
0.20 130 133 1.37

In most cases, 7y, -factors will be between 1.05 and 115, as
recommended in EN 1990 [2], Table A1.2 (B).

43 v, -factors

Once defined the factors y, and v, the design value £, for a given
limit state can be evaluated according to Eurocode 0 [2], as follows
(see Eq. (17)):

Ey=Ysq 'E(Yn Fe.Yr sz/---) (27)

where F,, F,... represent actions and other basic variables relevant for

the load effect £. As an alternative, £, can be computed by:

Eq :E(Ym Fi,Ye2 szzm) (28)
where the factors y,, are given by:

Y =Ysa Y5 (29)

Clearly, Equations (27) and (28) give the same result only if the
load effect £ is a linear function of the basic variables £ However,
according to [2], both equations are acceptable.

In short, the factors v, = v,, Yy intends to take into account all
uncertainties in the actions side and are comparable to the factors
for actions specified in Eurocodes.
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5 Partial factors for resistances
51 vy -factors
511

Using Eq. (6) and the inverse of the Normal distribution, the partial
factor for resistances with Normal distribution and coefficient of
variation V'is given by:

Resistances with normal distribution

1+ (p)V
S =PV (30)
T-apVv
where p is the fractile used to quantify the characteristic value of the
resistance under consideration. For resistances, the 0.05 fractile is
frequently used. Thus, considering that ®~'(0.05) = — 1.645, for this
particular fractile the partial factor is:
1-1645V

T o

51.2 Resistances with lognormal distribution

Adopting a procedure similar to that used for actions with Lognormal
distribution, the following expression is derived:

Y =exp(\/ln(1+vz)(aB+CD’1(p))) (32)

51.3 Resistances with Weibull distribution

Consider now a resistance variable with distribution Wb(=4%, whose
domain is x > €. The frequent case € = O will be considered in
the following. Using the inverse of the Weibull distribution (see
Annex A), the Eq. (6) leads to the following partial factor:

_(__nC=p) ‘ (33)
" (mo—aw—as»]

The parameter k is a shape parameter which is directly related to the
coefficient of variation. For the casee = 0, k depends solely on the
coefficient of variation V. Table 7 shows values of k corresponding to
some values of V.

Table7  Values of the parameter k corresponding to different

coefficients of variation — Weibull distribution

0.05 24,95
010 1215
015 791
0.20 5.80
0.25 454
030 371
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51.4 Examples

Table 8 shows y,_-factors obtained using the equations (31), (32)
and (33), considering in all cases oo = 0.80 and p = 0.05. For the
Normal distribution, the partial factors were computed considering
a maximum coefficient of variation of 0.25. Above this value,
modelling resistances with Normal distribution is questionable,
since the probability of obtaining negative resistances becomes
non negligible. In effect, for a Normal variable X with coefficient
of variation V, P(X < 0) = ®(=1/V') and for V = 0.25, P(X < 0) =
=3.2 x 10, which is of the order of magnitude of the usual failure
probabilities and consequently is not negligible.

Table 8

Partial factors for resistances, y_ (o= 0.80, p = 0.05)

Consequences
Low Medium High
(B=3.3) (B=3.8) (B=4.3)
0.05 1.06 1.08 m
010 114 1.20 1.27
Normal 015 1.25 138 1.56
0.20 1.42 1.71 215
0.25 173 2.45 4.21
0.05 1.05 1.07 1.09
0.0 110 115 1.20
015 116 123 131
Lognormal
0.20 1.22 1.32 1.43
0.25 1.28 1.41 1.56
0.30 134 1.51 1.69
0.05 m 116 123
010 123 136 153
015 137 1.61 192
Weibull
0.20 1.54 1.92 2.44
0.25 1.74 2.29 312
0.30 1.97 2.76 4.03

Observing Table 8, it is seen that the Weibull model is the most
conservative (in the sense that it leads to higher partial factors),
and the Lognormal is the least conservative. This result is a direct
consequence of the weight of the left tails, being heavier in the
Weibull model and lighter in the Lognormal model.

Moreover, the difference between models is more significant for high
coefficients of variation, similarly to what was observed regarding
partial factors for actions. As a result, when choosing a probabilistic
model for a resistance variable, more attention must be paid if a
variable has high coefficient of variation.

rpee | Série Il | n.° 14 | novembro de 2020



Calibration of partial safety factors using FORM
Luciano Jacinto, Luis Oliveira Santos, Luis Canhoto Neves

Figure 3 plots the results shown in Table 8 for the Reliability Class
RC2 (B =3.8). As it is seen, for coefficients of variation greater than
0.23, the Normal model is more conservative than the Weibull
model, which shows that above that coefficient of variation the
left tail of the Normal model becomes heavier comparatively with
the Weibull model. Nevertheless, as mentioned above, the Normal
model should not be used in modelling resistances with high
coefficients of variation.

45r

[« =080, p=0054=38 Weibull
4

4
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w 3
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]
3
53
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1 L . . .
0 0.05 0.1 0.15 0.2 0.25 03 0.35 04
Coefficient of variation, V

Figure 3  Partial factors for resistances

52 1y, factors

5.21 General expression

The variable 6, is in general modelled by a Lognormal distribution
[13, 14]. Thus, using the expression for the inverse of the Lognormal
model, Eq. (16) yields:

Yra = (34)

1
%exp(—ak B«lln(1+v§,?))
OR

where p. and V,, are the mean and coefficient of variation of 0. If
V.. <0.20, Eq. (34) can be approximated by:

0r =
1

S E—— 35
" Hefe'exP(—O‘R BVSR) (55)

The mean w,, and the coefficient of variation V. should be chosen
carefully case-by-case, since they depend on the accuracy and
precision of the resistance model in use.

Table 9 shows the recommendations of JCSS [13] concerning the
variable 0,. As shown, the recommended mean for 0, is higher
than unity in all cases, which reflects the perception that resistance
models are generally conservative. The values in Table 9 should be
interpreted as mere indication and should be adjusted on a case-
-by-case basis, depending on the confidence in the resistance model
being used.

In a recent study [19], based on a survey involving several hundreds
of laboratory tests, the authors proposed for concrete structures
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the models shown in Table 10. The proposed statistical parameters
applies to concrete structures not affected by corrosion, designed
according to Eurocode 2 [20]. As observed, for members requiring
design shear reinforcement, the resistance model proposed in
[20], based on Mérsch truss without any correcting factor, is rather
conservative.

Table 9  Probabilistic models for the variable 6,, as recommended
by JCSS [13]
Structural Resistance N
material type Distribution .
Bending capacity Lognormal  1.00  0.05
Structural  ohear capacity Lognormal  1.00  0.05
steel Welded connection capacity ~ Lognormal 115 015
Bolted connection capacity ~ Lognormal 125 015
Refiriereed Bending capacity Lognormal  1.20 015
concrete

Shear capacity Lognormal 140  0.25

Table 10  Probabilistic models for 0, for sound concrete structures
[19]

Resistance type Distribution  p, 12

OR

Axial compression without effects

Lognormal  1.00  0.05

of buckling

Bending Lognormal  1.075 0.075
Shear in members without special shear lognormal 100 020
reinforcement

Shear in members with lightly shear Lognormal " 1825 0.25
reinforcement?

Shear in members with moderately shear lognormal 1275 020

reinforcement®

°p,f,, <1MPa *1<p,f,, <2MPa

5.2.2 Examples

Table 11 exemplifies values of y,, obtained using Eq. (34) for different
pairs (i, V). As observed, in many cases y,, is less than 1.00. In
those cases the random errors in the resistance model (as reflected
inV,,) were counterbalanced by the favourable systematic errors (as
reflected in i, greater than 1.00).

53 vy, -factors

Once v, and y, -factors are defined, the design value R, for a given
limit state can be evaluated according to Eurocode 0 [2], as follows
(see Eq. (15)):

R, =L.R(&,&,. , j (36)
Yrd Ym1 Ymz
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where f,, f,,..., represent resistances and other basic variables relevant
for the resistance R. As an alternative, R, can be computed by:

R, =R(ﬂ,ﬂ,. . ) (37)
Ymr Ymz

where the factors y,, are given by:

Ymi ="Yrd Ym/ (38)

Clearly, Equations (36) and (37) give the same result only if the
resistance R is a linear function in the basic variables f. However,
according to [2], both alternatives are acceptable. In short, the
factors v,, = v,, 7,, intends to take into account all uncertainties in
the resistance side and are comparable to the factors for resistances
specified in Eurocodes.

Table11  Partial factors for uncertainties in resistance models,
¥, (0.=0.32)
Consequences
Low Medium High
0.05 1.06 1.06 1.07
010 112 113 115
1.00
015 118 1.21 1.24
0.20 1.26 1.30 134
0.05 0.96 0.97 0.98
010 1.02 1.03 1.05
110
015 1.08 110 113
0.20 115 118 122
0.05 0.88 0.89 0.89
010 0.93 0.95 0.96
1.20
015 0.99 1.01 1.04
0.20 1.05 1.08 112
0.05 0.81 0.82 0.83
010 0.86 0.87 0.89
1.30
015 0.91 0.93 0.96
0.20 0.97 1.00 1.03
0.05 0.75 0.76 0.77
010 0.80 0.81 0.82
1.40
015 0.85 0.87 0.89
0.20 0.90 0.93 0.96
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6 Conclusions

Expressions for the determination of partial factors based on the
concept of FORM design value were presented. Two groups of partial
factors were distinguished, namely, partial factors for basic variables
representing actions and material resistances (yf andy ), and partial
factors for variables representing model uncertainties (y,,and vy, ).

Regarding the first ones, the expressions presented show that those
factors depend on:

e probabilistic model used to describe uncertainty in the basic
variable;

e coefficient of variation of the variable;

o fractile implicit on the characteristic value used to compute the
design value;

e importance of the variable in the limit state under consideration
(measured by the respective sensitivity factor);

e target reliability index.

The choice of the type of probabilistic model influences significantly
the partial factors and this influence rises as the coefficient of
variation increases. This means that more attention must be
paid when choosing a probabilistic model for a variable with high
coefficient of variation.

The expressions presented were exemplified using the coefficients of
sensitivity recommended in [2] for dominant actions and dominant
resistances, respectively .= —0.70 and a. = 0.80. The cases for non-
dominant variables (o = —-0.28 and o = 0.32) can lead to partial
factors Yy, ory, less than 1.0. In fact, the characteristic value of a
basic variable incorporates already some safety margin, because it is
arelatively small fractile (0.05 in the case of materials) or a relatively
large one (0.95 in the case of actions). Obtaining safety factors
less than 1.0 means that the safety incorporated in characteristic
values is far sufficient for the intended reliability. Note that this is
in agreement with the use of the y factor connected to the partial
factors method, in which v multiplied by the safety factor gives a
value frequently less than 1.0.

Regarding partial safety factors for model uncertainties (y,, and
Y, they have a slightly different nature when compared to Y and
y,-factors, because they coincide with the design values of the
variables accounting for model uncertainties, 8, and 0,, that is, they
incorporate both characteristic values and safety factors.

Expressions presented for y, and v, show that these factors depend
essencialy on:

e mean and coefficient of the corresponding variation of variable
0;

e importanceofthevariable 8 inthe limit state under consideration
(measured by the respective sensitivity factor);

e target reliability index.

The mean and coefficient of variation of the variables accounting
for model uncertainties have a well defined meaning: the first one
constitutes a measure of the model accuracy, that is, its ability
to predict values with small systematic errors; the second one
constitutes a measure of the model precision, that is, its ability to
predict values with small random errors (low variability).
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Recent studies have dealt with the accuracy and precision of the
resistance models specified in Eurocode 2 [20] for reinforced
concrete members. Similar studies are desirable regarding action
models and structural models as well.

References

1]

(2]
Bl

(4]
5]

(6]

[7]

(8]

[

[10]

M

(2]

(13]

[14]

(15]

[16]

V. Val, Dimitri; Stewart, Mark C. - "Safety factors for assessment of
existing structures". Journal of Structural Engineering, 128(2):258-265,
feb 2002. doi: 10.1067/(asce) 0733-9445(2002)128:2(258).

EN 1990. Eurocode — Basis of structural design, 2002.

Thoft-Cristensen, P.; Baker, M.J. — Structural Reliability Theory and Its
Applications. Springer Berlin Heidelberg New York, 1982.

ISO 2394 - General principles on reliability for structures, 1998.

Caspeele, Robby; Sykora, Miroslav; Allaix, Diego Lorenzo; Steenbergen,
Raphdel — "The design value method and adjusted partial factor
approach for existing structures". Structural Engineering International,
23(4):386-393, 2013. doi: 10.2749/ 101686613X13627347100194.

fib bulletin 80 — Partial factor methods for existing concrete structures.
Bulletin. Fédération internationale du béton (fib), 2016. ISBN 978-2-
88394-120-5. Recommendation, fib Task Group 3.1.

Ditlevsen, O.; Madsen, H.O. — Structural Reliability Methods. John
Wiley & Sons, 1996.

Steenbergen, Raphael D.J.M.; Sykora, Miroslav; Diamantidis, Dimitris;
Holicky, Milan; Vrouwenvelder, Ton — "Economic and human safety
reliability levels for existing structures". Structural Concrete, 16(3):
323-332, 2015. doi: 10.1002/5uc0.201500022.

Holicky, Milan — "Optimisation of the target reliability for temporary
structures”. Civil Engineering and Environmental Systems, 30(2):87-96,
2013. doi: 10.1080/10286608. 2012.733373.

Holicky, M. —"The target reliability and design working life". In Safety
and Security Engineering IV. WIT Press, 2011. doi: 10.2495/safe110157.
URL https://doi.org/ 10.2495%2Fsafe110151.

Sykora, Miroslav; Diamantidis, Dimitris; Holicky, Milan; Jung, Karel
- "Target reliability for existing structures considering economic
and societal aspects". Structure and Infrastructure Engineering, 13(1):
181-194, 2017. doi: 10.1080/15732479.2016.1198394.

Der Kiureghian, Armen; Ditlevsen, Ove — "Aleatory or epistemic? does
it matter? Structural Safety”, 31(2):105 — 112, 2009. ISSN 0167-4730.
doi: https://doi.org/10. 1016/].strusafe.2008.06.020.

JCSS — Probabilistic Model Code. Joint Committee on Structural Safety
(JCSS), 01 2001. ISBN 978-3-909386-79-6. URL www.jcss.byg.dtu.dk/
Publications/ Probabilistic_Model_Code.aspx.

Holicky, Milan; Retief, Johan V.; Sykora, Miroslav — "Assessment of
model uncertainties for structural resistance". Probabilistic Engineering
Mechanics, 45:188 — 197, 2016. ISSN 0266-8920. doi: https://doi.
org/10.1016/j.probengmech.2015.09.008.

Sykora, Miroslav; Holicky, Milan; Markova, Jana—"Verification of existing
reinforced concrete bridges using the semi-probabilistic approach”.
Engineering Structures, 56:1419 — 1426, 2013. ISSN 0141-0296.
doi: https://doi.org/10.1016/j.engstruct.2013.07.015.

Borges, J.F; Castanheta, M. — Structural Safety. Laboratério Nacional
de Engenharia Civil, LNEC, 1971.

rpee | Série Il | n.° 14 | novembro de 2020

(17]

(18]

[19]

[20]

Benjamin, J.F; Cornell, C.A. — Probability, statistics and decision for civil
engineers. McGraw-Hill, New York, 1970.

Scholten, C. von; Enevoldsen, Ib; Arnbjerg-Nielsen, T.; Randrup-
Thomsen, S.; Sloth, M.; Engelund, S.; Faber, M. — "Reliability-based
classification of the load carrying capacity of existing bridges". Report
291, Road Directorate, Copenhagen, Denmark, 2004.

Sykora, Miroslav; Holicky, Milan; Prieto, Miguel; Tanner, Peter —
"Uncertainties in resistance models for sound and corrosion-damaged
rc structures according to EN 1992-1-1". Materials and Structures,
48(10):3415-3430, Oct 2015. doi: 101617/ s11527-014-0409-1.

EN 1992-1-1. Eurocode 2 — Design of concrete structures — Part 1-1:
General rules and rules for buildings, 2004.

39



Calibration of partial safety factors using FORM
Luciano Jacinto, Luis Oliveira Santos, Luis Canhoto Neves

Annex

Probabilistic models used in the article

Normal X ~N(p,,0,)

1 1 x—py Y
or fX(X‘”X’GX):\/%c eXp{_z[ch” (o)
X X

Moments My =My Gi Z(GX )2
X—Ux
F =0 ———=
CDF (%) [ oy ]

Inverse F;1(P):Hx +0xq)4(P)

Lognormal X~ LN(a,b)

1 1flnx-aY
PDF fx(xla,b)=ﬂbxexp{—2( nxb aj:l (0<x <+0)

arle?

Moments Ly =e ? o’ :(eb2 71)(92"”Z
or FX(X):(D([HX_aJ
b
Inverse Ff(p):\/:l:_vf.exp(tl)*(p). ln(1+\/xz)) Vy :%
For V, <0.20, the following approximation is admissible:
F(p)=ne-exp(@7(p) Vs )
Gumbel X ~Gb(u,0)
PDF fe(x|u,a)=a exp{—(x(x—u)—exp[— (x(x—u)]} (—oo<x <+0)

2
Y 2 T
M t =U+— oy =| — ~0.57722
oments [15% o X [\/gocj (Y )

CDF Fe(x)= exp{—exp[—a(x—u)]}

Inverse £ (p) = —0.78[ 0.58+In(~Inp) Jo
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Fréchet X~Fr(uk)
k u k+1 u k
x|uk)=——| exp|—|— O<x<+
PDF fe(x | uk) u[x) p{ [xj} ( )
Moments Uy =ul" 1—1 o, =u|T 1—2 T 1—1 (k>2)
X k X /( k
u k
CDF Fe(x] u,k):exp{—(xj :l
~ u
Inverse F(p)= 1
(—Inp)¥
Weibull X ~Wb(e,uk)
k (x—e)” x—e)
PDF fx(x\ e,u,k):— | exp|-| — (e<x<+wx)
u—e\u-e u-e
2 2 2 2 1
pomens wc=es{u-epr(11/8)  oi=(u-e)|r(142)-re(11)
x—e)
CDF FX(Xl e,u,k):]—exp{—( j }
u-e
Inverse 1

F(p)=e+(u-€)[-In(1-p) ]
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