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ABSTRACT: The paper presentsntributions to the statisticatudy of the parameters of the M-Coulomb
and Hoek-Brown strength criteria, in order to asshe characteristic failure envelopes for intackr based
on the results of several sets of triaxial testéopamed by LNEC.

1 INTRODUCTION often confused with the EC?7 itself. It involvesngi
characteristic values of actions, ground properties
Introduction of Eurocode 7 (EN1997-1), bringingand geometrical data, as well as obtaining their
structural safety concepts in geotechnical desigrdesign values by the partial factor method.
was an important step forward in many European EC7 gives rules for obtaining characteristic
countries. Eurocode 7 (EC7) deals with construstionvalues of geotechnical parameters in general, which
in or on the ground, which is defined as “soil,lkoc take into consideration that geotechnical desiggsdo
and fill in place prior to the execution of the not deal with manufactured materials, with reldtive
construction works”. Rock engineering design iswell known parameter values, but with natural
therefore, included in the scope of EC7, but this i materials, of a great diversity as regards thagimor
often overlooked. and the condition in which they are found in nature
At present, application of EC7, though with a Also given in EC7 are recommended values of
number of difficulties, can be considered at asgui the partial factors to use for some specific ground
speed for many types of geotechnical engineeringarameters: angle of shear resistance, effective
problems dealing with soils. Unfortunately, the sam cohesion, undrained shear strength, unconfined
cannot be said regarding rock engineering problemstrength and weight density. These values indicate
where major difficulties still have to be overcome. the minimum level of safety for conventional design
One of the main issues regarding applicability of It is easy to recognise that these parameters were
the semi-probabilistic approach of EC7 to rockchosen having in mind soil properties. It is doubtf
engineering has to do with an essential feature dhat the partial factors to use with Mohr-Coulomb
rock masses, which is their discontinuous naturestrength parameters or with unconfined strength for
This has a number of major implications regardingrock masses should have the same value as for soils
for instance, the definition of failure modes oeth
validity of the assumption of the aleatory natufe o
rock mass parameters. 2 CHARACTERISTIC VALUES OF ROCK
The basis of the limit state design philosophy MASS PARAMETERS
adopted in EC7 is that, for each particular design
situation, all the possible limit states for a stame, It is useful to revise the exact meaning givenha t
or part of it, shall be considered and that it shal Eurocode (EN 1990) to characteristic value and to
demonstrated that the likelihood of any limit statedesign value of material properties.
being exceeded is sufficiently small. The Eurocode defines characteristic value as:
A distinctive feature of EC7, when compared“value of a material or product property having a
with the Eurocodes for other types of structurss, iprescribed probability of not being attained in a
that the limit states shall be verified by one or ahypothetical unlimited test series. This value
combination of the following methods: use ofgenerally corresponds to a specified fractile of th
calculations, prescriptive measures, experimentassumed statistical distribution of the particular
models and load tests, and observational method. property of the material or produét
The first method of safety verification, using As regards the design value of a material or
calculations, is by far the most used one, and it iproduct property, its definition according to the



Eurocode is: Value obtained by dividing the  Test results used in this paper correspond totgrani
characteristic value by a partial factor samples from dam sites in the north of Portugstete
EC7 defines how characteristic values ofbetween 2008 and 2012. The specimens have all of
geotechnical parameters are obtained. Characteristhe same dimensions: 51 mm diameter and 125 mm
values Shall be selected as a cautious estimate ofieight. They were tested in a stiff testing machine
the value affecting the occurrence of the limiteSta with controlled deformation, using a procedure
This value depends on the zone of ground governingdapted from the standard ASTM D7012-07, which
the behaviour of the geotechnical structure. Uguallcorresponds to “type I” test of the ISRM Suggested
it is much larger than the volume affected inian Method (ISRM, 1978). The ranges of confining
situ or laboratory test, and the characteristic valuetressesd) varied between sets of tests, and the values
should be & cautious estimate of the mean valae of the axial stress at failurer) were peak values.
of the range of values covering that whole zone of

ground. However, if the behaviour of the, gTATISTICAL ANALYSIS OF THE RESULTS
geotechnical structure is governed by the lowest or

highest value of the ground property, they ; petailed analysis of one set of triaxial tests
characteristic value should ba ‘tautious estimate

of the lowest or highest value In this section, the statistical analysis of thsufts
If statistical methods are used, the characteristief a chosen set of triaxial tests will be preserdsd
value is ‘a selection of the mean value of the limitedgan example. This particular set comprises 21 result
set of geotechnical parameter values, with &f medium-grained granite that were tested under th
confidence interval of 95%in the first case, ora  following confining stressess: 0, 2, 5, 10 and 15 MPa.
5% fractile’ in the second case. To estimate the parameters of the Mohr-Coulomb
The following sections of this paper presentcriterion € andg, firstly, it is necessary to perform
contributions to the statistical study of thea linear regression of the maximum principal stress
parameters of the Mohr-Coulomb and Hoek-Browndi versus the confining stresg (and also minimum
strength criteria, in order to assess the chaiatiter Pprincipal stress). Figure 1 shows, in =03 plane
failure envelopes for intact rock, based on theltss Of the principal stress space, the results ofriagial
of several sets of triaxial tests performed by LNEC tests (dots) and their best fit straight line.

3 TRIAXIAL TESTS OF ROCK SAMPLES 300 et
To describe the strength of intact rock under talax 250
conditions, the most frequently used strength raite
are the well-known Mohr-Coulomb and Hoek-
Brown criteria. The Mohr-Coulomb criterion can be
appropriately used to model the relation between th
principal stresses at failure using a linear refati
with the parameters and ¢ (cohesion and internal
friction angle), as long as small ranges of the
confining stresses are involved (Labuz & Zang
2012). Hoek & Brown (1980) developed a nonlinear
relationship between the principal stresses atrkil
For a given rock type, this relationship is
characterized by the parametessand g;; (uniaxial
iCnc;;ncqrreCJSCSIiv(eEtitarr?lg?:hZ)(’)J\.I;I;.e re the indestands for Fr:gure_l. I\I/Iohr-CfOLrJ]Ioml_a a_ndIHtoek-Brown failure aridein
Values formy andgg, which can be used as initial fhe o =c plane of the principal siress space.
estimates, are available in the literature for aetya Then, from the slope of the straight line (&8n
of rock types. However, important projects require;y the y.axis intercept, that in this case is the
specific triaxial tests to be performed to deteenin .o, compressive stre'ngth of the intact ragk
the actual values. For this purpose, a statisyicall

o - it is possible to calculate the internal frictiongée
significant set of triaxial tests should be perfedn d the cohesion for the mean Mohr-Coulomb
under confining stresses that cover the expecteahure envelope using the following equations:
range of stresses. In order to assess parameter
variability, the rock specimens to be tested uradler _ ., tanf-1

L g=sin"——— (2)
the confining stresses should be prepared from tanB+1
homogeneous sample of rock cores. In the tests used
for the analysis presented here, a minimum of 2&¢ =g, 2)
specimens was collected from each rock sample. 2cosp
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difficult to perform since it means evaluating the
“best” tangent straight line to a set of Mohr @<l ' _ o
each representing a triaxial test result. As a In non-linear regression, exact definition of

consequence, all variability analyses have to beonfidence intervals is seldom possible. So, to
performed in terms oty versusos, which are the determine the 95% confidence limits and the 5%

direct results of the triaxial tests. fractiles for the Hoek-Brown criterion the bootgira
Test results displayed in Figure 1 show that anethod (Efron 1979) was used. This procedure
curved function may yield a better relation betweergonsiders the sample as the population and draws
o1 andgs. To consider this type of negative curvaturewith replacement samples with the same si2#ith
between the principal stresses at failure thatraeve these samples, almost all statistical inferencitzdions
types of rocks often display, the Hoek-Brown acan be carried out. Performing a sufficiently large

criterion uses the following equation: number of draws will allow the bootstrap estimates
to asymptotically tend to the correct values.
_ | g, Evaluating equations (7) and (8) and using the
0, =0,%0,,/M o *1 4) bootstrap method for any required value within

the range of applied confining stresses, 95%
It also requires only two parameters, the uniaxiatonfidence intervals for the fitted values and 5%
compressive strength; and m. These parameters failure envelopes were determined. They are
have to be determined from triaxial tests resujts bdisplayed in Figure 2 for the Mohr-Coulomb and
non-linear regression. Figure 1 also includes #s b Hoek-Brown criteria, respectively.
Hoek-Brown equation (dashed line).
In both cases, regression was used to calculate tf  ,,
criterion parameters. It is a statistical procediore TestreSU\MOhr-Coulombcriterion

fitting data to any selected criterion equation by .,
minimizing the residual sum of squaRSS 959 upper confidence limit .

[
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RSS= Zriz =X (ali _0’\-1i)2 (5)
wherer; are the residualgs; are the test results and 150 p—mm e S
g, are the corresponding model predicted values.
In assessing the goodness of fit of the criteties, i
essential to examine several graphs: the criteri 95% lower confidence limit
curves superimposed on the data points, the rdsidug SO b
versus the independent varialalgand the predicted
valuesj, (Draper & Smith 1998). These graphs o L e
allow to easily recognize if a model is inapprof&ja 0 2 4 6 8§ 10 12 1416
or if the variance of the residuals is constanbser Confiningstress, ; (MPa)
observations (homoscedasticity). In addition, salver
statistical methods can be used to quantify goaine:
. . - Testresul
of fit. Generally, all take into accousft, an unbiased 250 ____________________;___‘\__ __________________
estimator of the variance of the residuals, als( - - 95% upper confidence limit
known as the residual mean square, given by

Q= RSS
n-p
wheren is the number of experimental values gnd
is the number of parameters in the model (two ir
both cases). In sequence, standard errors of tt
regressionss can be easily calculated. In linear
regressions (Mohr-Coulomb criterion), this estinnato
and appropriate values of the Sudemtkstribution,
allow predicting, for a given confining stregg 95%
confidence limits for the true mean value of the
maximum principal stresg,, and 5% fractiles:

—
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Figure 2. 95% confidence intervals and 5% failuneedopes
for the Mohr-Coulomb and Hoek-Brown models.



These plots show that the Hoek-Brown criterion  so
provides a better fit to the test results, sinse9&%
confidence interval is clearly narrower. This coisabn
can also be recognized by the regression standa
error values: 20.4 MPa and 18.2 MPa, for the Mohr-
Coulomb and Hoek-Brown models, respectively. The
plots also reveal that the 95% confidence limitd an
the 5% envelope are not straight lines in the cédise
the Mohr-Coulomb criterion, nor parabolas in the
case of the Hoek-Brown criterion. However, both
criteria could still provide good approximations to 0
these curves. As could be expected from the asalys
of equations (7) and (8), the curves are close¢he¢o
models when the confining stress is equal to it i
average valueg, (6.57 MPa, in this example). All
these curves can be transferred to therspace T s B oo
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evaluating numerically at each point their tangent:
and then using equations (1) and (2) to plot the
respective values in the Mohr diagram (Figure 3)
The normal stress range tries to cover approximatel
the principal stresses of the tests. 20

For the Mohr-Coulomb (linear) criterion, results
displayed in Figure 2 can also be easily transfietoe
the space of the estimated parameters ftam;) by 0 0 et o 0wy 40
evaluating the tangents to each curve for any givel_ _ T
o value (Figure 4). The red ellipse corresponds tf/:gure 3. 95% confidence intervals and_5% enve_ldpesthe
all tangents to the 95% confidence limits. The klac Vohr-Coulomb and Hoek-Brown models in Mohr diagrams
dot represents the mean Mohr-Coulomb envelop—iz
determined by the linear regression (f&n 8.34 and
d. = 101.5 MPa), and therefore defines the centre ¢
the ellipse. The green ellipse segment represkats t
5% fractiles for positiver; values. The remaining part
of this ellipse corresponds to the 95% fractiled an
therefore it was not plotted.

As already mentioned, though the model is linear
the 95% confidence limits and the 5% fractiles are
not. So, in order to assess the reduction from th
mean value they lead to, linear approximations wer
calculated within the range of the triaxial tests
(0-15 MPa, thicker parts of the ellipses). Thesg e e
averaged values are (t&#¥8.14; o = 90.9 MPa) 2.3 3.0 73 100 125
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and (tanf=8.29; g = 65.2 MPa), respectively, and tan
are indicated in Figure 4. Figure 4. Confidence limits and 5% fractile for fgiandg.

Student’st probability distributions of the mean
values are also plotted for both parameters shqwin? It should be noted that 95% confidence limits no
that the horizontal and vertical tangents to th&95 longer yield an ellipse and the mean values arémot
confidence limits ellipse define 2.5% tail areashaf the centre, meaning that the joint distribution of
independent probability distributions of each pasan  tang and c is skewed. Considering normalized

Considering separately the parameters@aand Vvalues for these parameters (ratios with the
G, 95% lower confidence limits for the meansrespective average values), Figure 5 shows clearly
would lead to use the low-left corner of the regtan that the reductions from the mean values almost onl
tangent to the red ellipse, instead of the red Tloe ~ affect the cohesion. This conclusion could also be
figure allows to recognize that consideringdrawn from Figure 2, as the 95% confidence lower
separately the variability of the parameters impase limit and the 5% fractile curves are almost patade
strong reduction for the characteristic values. the mean envelope. This approach to calculate

Though tan3 and g are the intrinsic regression characteristic values is a consequence of all
parameters, they are not commonly used. So, it iBypotheses regarding linear regression, namely
essential to define the same results in terms dfomoscedasticity, and so it is much related with th
internal friction angle (tag) and cohesiog. confining stress ranges that are considered.
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Figure 5. 95% confidence region and 5% fractile forFigure 6. 95% confidence regions and 5% fractile fo

normalized Mohr-Coulomb parameters. normalized Hoek-Brown parameters.
Considering a range of confining stresses centre[ 4,
around the meaw,, the values ol andc would ol ¢ e ]
be reduced but the values of {&r gwould remain ol ]
constant. In the case of a particular rock enginger ., |
project, if foreseen stress values are higher than | € 10 . ¢ SR T |
average confining stress, this procedure woulg & 1 . ° ¢
render characteristic values for the cohesion highe 3§ 4 . . $
than the mean value, and lower than the mean éor th § 1 s
friction angle. In the opposite case, if stressesew S S s—
lower than those used in the tests, reverse resul L Jrosiciomn |
should be calculated (lower cohesion and highel | B
friCtion angle)' * 0 2 4 6 8 10 12 14 16
For the Hoek-Brown criterion a similar approach Confining stressas (MPa)
can be used. In this case, since it is a non-lineg

o . 2. igure 7. Relation between residuals and confis S.
criterion, the 95% confidence limits for the mean g tnes

values of the parameters; andm;, do not produce 42 Results of several sets of triaxial tests
an ellipse but an elongated closed curve (Figure 6)

(4) was also used to model the 95% lowerdnalyses of seven sets of triaxial tests, refelweas

confidence limit and the 5% fractile within the gen A t0 G, are presented. These tests were performed t
of applied confining stresses. Figure 6 displays thSupport the design of several projects (dam
normalized values of the parameters of the Hoekioundations and underground caverns) all of them in
Brown criterion. Since the strength reductions ardranitic rock masses. Confining stress ranges were
almost independent of the confining stress (in fgu 0-5 10 5 MPa (set A), 0 to 10 MPa (sets B, C and D)
2 the curves are almost parallel), the characteristand 0 to 15 MPa (sets E, F and G). Sets C and D

value for the uniaxial compressive strength reflect Were from the same rock mass but with different
similar behaviour as in the linear model. HoweverWeathering degrees: W1 for set C and W2 to W3 for

due to particular features of the non-linear equmti S€t D. Sets E and F were from the same projecE set
Finally, as already mentioned, all these statistica®f medium-grained granite. In Table 1, the mean
analyses are strongly influenced by the assumptiof§gression values of the Mohr-Coulomb and Hoek-
underlying regressions, namely the independence &OWn criteria are presented. _ _
residuals and homoscedasticity. The standard errors allow comparing the fit of

Simple procedures to verify these hypotheses reffi€ Critéria. It can be concluded that both models
on the inspection of plots of the residuaks €ach similar approximations to the test resultss T
independent variables andvs predicted valuesy, — €an be attributed to the limited range of confining
(Draper & Smith 1998). This first plot is presentedStesses that were used in the tests. It is likey
in Figure 7, showing that dispersion of the resislua @PPlying highergs values would lead to a non-linear
is not much influenced bys, and that the Hoek- Increase of the maximum principal stress. However,

Brown criterion fits better the experimental result it should be stressed that the Con_finin_g stresgasin
as the regression standard error valsealready that were used cover the design situations thabean

indicated. found in most rock engineering projects.



Table 1. Mean regression parameters was also recognized, and new discussion topics are

Mohr-Coulomb Hoek-Brown put forward. Since it is a linear criterion, the Mo

Set n g & s ¢ C m G S Coulomb parameters are easily transferred between

(MPa) (MPa) (*) (MPa) (MPa) (MPa)  the principal stresses space and the Mohr diagrams,
3 1050598 193 202 87295 #0152 and cach Coulomb envelope corresponds fo a given
C 944 1190 16.0 53.9 194 23.7 115.6 154 joint confidence probability of the parameters. On
D 478 81.1 12.4 40.8 185 9.4 802 12.4 the other hand, the Hoek-Brown criterion does not
E 6.69 139.9 27.9 47.7 27.0 15.1 137.3 27.8 allow similar simplifications. In the example,
F 8341015 204 518 176 249 936 182 cautious estimates led to a reductionggf but an
G 12.98129.2 19.1 59.0 17.9 41.6 120.6 19.9

increase ofm. So, this parameter is not suited for

: o i . . this type of joint statistical analyses. It is pbbs
Figure 8 shovys _the 95% joint confidence regions fofhat the parameten g may yield better results.
the internal friction coefficient and the cohesid¢m. The paths for the reduction from mean to

the previous section, it was shown that selection oharacteristic values are a field of discussion.
cautious estimatewithin the confining stress ranges Though it seems obvious that the joint probabiity

of the tests corresponded to reduce jagtor the o harameters have to be taken into account, the
cohesion. In this figure the red dots refer to cétg recise way is not evident, as the stress rangdsha

the characteristic values as a 95% confidence lim onsidered affects the outcome. Considering thet th

95% H
for the mearc™", and the green dots as a 5% fractile;znge of confining stresses is centred aramndhe

¢™". These values are included in Table 2, alongeqyction only affects the cohesion: however, for
with the respective percentage reductions, whieh areonfining stresses lower than average, cohesion
closely related to the regression dispersion. decreases and friction angle increases, and, for
higher than average confining stresses, cohesion
increases and the friction angle decreases. This
shows the importance of the choice of the confining
stresses for the tests.

In the future, as the variance of the results lig fu
characterized, it will be possible to discuss other
possibilities to optimize the testing procedures
(spread of the confining stresses along the foresee
stress range, define a minimum number of tests,
optimize the number of tests), and to address sssue
referring to rock mass strength and to discuss how
subjective parameters, such as GSI, with very
n § ' ‘ difficult to evaluate effects in the end resulty@do

Figure 8. 95% joint confidence regions for the M@mulomb be considered in the frame of EC7.
parameters.
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Table 2. Characteristic values for the Mohr-Coulasriterion REFERENCES

Set tang g ¢ o c i
() (MPa) (MPa) (MPa) ASTM D7012-07. Standard Test Method for Compressive
A 149 56.2 9.7 8.6 (11%) 5.5 (43%) Strength and Elastic Moduli of Intact Rock Core Gmens
B 1.61 58.2 15.7 14.5(8%) 10.2 (35%) under Varying States of Stress and Temperatd®sM Intl.
C 137 539 194 18.3(5%) 14.8(24%) Draper, N.R. & Smith, H. 1988Applied regression analysis
D 086 408 185 17.3(6%) 13.5(27%) New York: John Wiley & Sons.
E 110 477 27.0 24.7(9%) 17.4(35%) Eberhardt, E. 2012. ISRM Suggested Method. The Hoek
F 127 518 17.6 15.6(11%) 9.9 (43%) Brown failure criterionRock Mech Rock Eng5: 981-988.
G 166 59.0 17.9 16.7 (7%) 13.2 (26%)

Efron, B. 1976. Bootstrap methods: another look tla
jackknife.The Annals of Statisticg: 1-26.

EN1990: 2002Eurocode: Basis of structural desigBEN
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This paper presents a statistical approach for thigoek, E. & Brown, E.T. 1980. Empirical strengthterion for
determination of characteristic values as cautious rock massesl. Geot. Eng. Div. ASCE06(GT9): 10131035.
estimates of the mean or lowest values. Though it iISRM, 1978. Suggested methods for determining thength
well-known that more competent rocks exhibit Of fock materials in taxial compression. The Complete

: ; At uggeste ethods T1or ocC aracterization,
Pr:]gph;gt\{ﬁleuseess z;rt;.(r)rggtz(l?g ?jilr?tTyaf? advferlicr?(r)(l;] Cingﬂhfi’n 9 Testing and Monitoring: 1974:2006SRM, Ankara.
. . ? Labuz, J.F. & Zang, A. 2012. ISRM Suggested Methddhr-
is seldom a_ss,es,sec,l' The importance of the relation Coulomb failure criteriorRock Mech Rock Eng5: 975-979.
between this joint influence and the stress ranges



